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Physics. — “On the determination of quanta-conditions by means 
of adiabatie invariants.” By G. Krurkow. (Communicated by 
Prof. P. Eurexrest.) 


(Communicated at the meeting of September 25, 1920). 


In: a series of papers EHrenrest has shown that only such functions 
of the general co-ordinates of & mechanical system may be quanti- 
cized as are adıabatic invariants‘). These functions can always be 
found’). Moreover, as we shall see, theory may answer the question 
as to the number of essential adiabatie invariants, which in accord- 
ance with the quanta-hypothesis have to assume discontinuous values. 
If we suppose that the “density of probability” of the motion ot 
the system, when not adiabatically acted upon, does not depeud 
explieitly on the time, and if then by means of some hypothesis or 
some theorem which is derived from the properties of the system, 
we replace the time-mean of a phase-funetion by a numerical mean, 
it follows immediately that the number of essential invariants is 
equal to the number of determining quantities of the system which 
is left after the numerical mean has been determined (comp. 
equations (12) sqq. below). By the determination of the adiabatie 
invariants and the separation of the essential ones the uncertainty 
as to the choice of the forms of motion which are admissible on 
the quanta-hypothesis, becomes materially lessened. Still we must 
not. expect that the adiabatic invariants which we have found are 
necessarily those which have to be quantieized: any arbitrary func- 
tion of those quantities is again an adiabatie invariant and has thus 
equal claims to being seleeted. However, this liberty of choice can 
be .somewhat restrieted; there is a further condition to which we 
may subject the quanta-functions. This condition is of the nature of 
a hypothesis, but we may give it a simple statistical interpretation. 
In every case, where the theory of quanta has been applied with 
success®), the condition is fulfilled. It was introduced by PLanck as 
a fundamental theorem for a complete determination of the quantities 

x EHRENFEST. These Proc. XIX N°. 3, p. 576. Ann. der Phys. 51 (1916) 
pP. h 

”) G. Krutkow. Proc. Amst XXI p. 1112. 1919, 

%) My knowledge of the literature of the sub 
beyond the beginning of 1917, 


ject does not, however, extend 


827 


which have to be quanticized‘). A new proof will be given by 
establishing a connection between the adiabatie invarianis and the 
phase-space (below 18"). 

This connection, which will be found to arise in a natural way, 
with a concept derived from statistical mechanices, strengthens the bond 
between it and the theory of quanta, a bond which, as it seems to 
me, has gone into the background in the latest development of the 
theory or at least has not been sufficiently emphasized, although in my 
opinion it is of great importance. In view of this connection I think 
that the only justification of the expression “aetion-quantum” is the 
fact that it recalls to our mind the dimensions of the phase-extension. 

Another conception of great importance to the theory of quanta 
which will find a place in our classification is Pranck’s ?) coherence 
of degrees of freedom. To me it seems of fundamental importance. 
Its meaning will be found to appear very clearly by.a juxtaposition 
of the properties of a conditionally periodie system and a BoLTZMANN 
“ergode”. 

This coherence of degrees of freedom must be very elearly distin- 
guished from what is called “degeneration” ’). For instance from our 
point of view an ergodie system is to the highest degree coherent, 
but could in no case be called degenerated. For a degenerated system 
the number of essential adiabatie invariants is greater than that of 
the degrees of freedom, for a coherent system it is smaller.. 

The question arises: must the ‚supernumerary adiabatic invariants 
of a degenerated system be quanticised or,. as suspected by SCHWARZ- 
SCHILD *), is tlıe number of quanta-conditions smaller for such a 
system for the normal case withoüt degeneration ? 

For the solution of these questions the three steps which have 
been taken viz. (1) establishment of the adiabatie invariants (2) 
selection of the essential ones and (3) “normalisation” of (he latter 
are insuflicient. In order to get nearer to the solution we must, I 
think, take into account, that the quanta-functions must have a 
meaning which is independent of the system of co-ordinates. We may 
undoubtedly postulate this: if the quanta-laws are really physical 
laws, they must necessarily satisfy this. condition. The question is, 
how to formulate thi$ new invariance of the quanta-functions? I 
shall not try to discuss it here in general; but only remark that 


) M. PLanck. Ann. d. Phys. 50 (1916) p. 392. 

>) M. Pranck, l.c. 
3) K. SchwarzscHILD, Sitzungsber. Berlin 1916. P. Erstein Ann. d. Phys. 
51 (1916). p. 168. 

-4%) K. SCHWARZSCHILD, .c. 
te es 2% 
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we may return from the canonical equations which are so convenient 
in the theory of quanta to the equations on cartesian co-ordinates. 
Here the invariance in question means: invariance with respect to 
the groups of rotations and translations; vector-analysis thus provides 
the means of testing hypothetical quanta-quantities for the new 
postulata '). 

The above mentioned means enable us in special cases to separate 
the quanta-quantities without ambiguity, for instance for the mecha- 
nical systems considered by Pranck in the paper quöted. In some 
cases, however, an ambiguity remains, which we may get rid ofin 
the following manner: by putting all but one of the quanta-quantities 
equal to nought, a “singular motion” must be obtained. In this manner 
we are able to make a connection between the methods sketched 
out above and Pranxck’s theory on the physical structure of the 
phase-space, Pranck’s singular motions forming the last‘ step in the 
series. We may recapitulate as follows: 

The quanta-quantities are («) functions of the integrals of the 
equafions of motion (3) adiabatie invariants which (y) must be 
“normalized” and (d) have a meaning which is independent of the 
system of co-ordinates and finally (e) yield singular motions in 
Pranck’s sense of the expression. 


$ 1. The fundamental equation. 
Let a mechanical system of n degrees of freedom be given by 
its canonical equations of motion T 
F DA 04 er 
Mn ae > EL A: 
i 5, 9; öp, ) 0) 
We shall eonsider a number of systems and introduce a funetion 


e(Pi,gi,) which may be called the density of probability: E must 
satisfy the fundamental equation of statistical mechanies > 


ER 
or, using (1): 

do n /0e: 0g do 
v+2 (Sata) =e=0 2 ee ae 
e is therefore a function of the integrals of the equation (1). 


') In the theory of the ZEEMAN-effect 
(Phys. Zschr. 17. (1916) 
evaded in different ways 
solution. 


») J. W. Gises. Scientific papers. II’ p. 16; Statistical Mechanics. Chapter I. 


N as Siven by SOMMERFELD and DEBUE 
a difficulty is met with here. This may, I think, be 
‚ but I am not able to give a uniquely determined 
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If we suppose that the condition is stationary : 


0p 

ee a) 
it follows that: @ is a function of those integrals which do not 
contain £ explieitly, i.e. of (2n—1) integrals, if only, as we shall 
suppose all the time, 77 does not depend on ? explicitly. 

We are at liberty to understand by o the density of probability 
a posteriori or a priori. When applied to the theory of quanta our 
result expresses the fact, that the quanta-quantities are functions of the 
(2n —1) ıintegrals of equations (1) which are independent of t. 

Replacing the 2n-dimensional phase-space (pi,g;) by the corrre- 
sponding integral space (c;, {;)') the “path” of the system is a straight 
line parallel to the Z,-axis. We can describe these lines either by 
making { increase, i.e. by following a definite system in its motion, 
or-by keeping ? constant and varying r, j.e. considering together 
all the systems with given c,...nt,....t„ and all possible values 
of d.. 


$ 2. H contains a variable parameter. 

If AH contains a parameter which may either have a constant 
value as in the case just considered or vary slowly?), the quantities 
c, and Z, are no longer constant, but variable; they have to satisfy 
the following “equations of motion” ®): 


where: 


R=.4(5:) he a N 


I) As in a previous communication we write the integrals of equations (1) 
in the form: 


le EHE Dan. 


and 
oV oV oV 


— —t-Lr=t, Tre u AP 
. 3 


dc, 
where c1,...,0m T,ty,..., Mm represent the 2n integration-constants and V 


Jacogı’s characteristic function. Comp. Proc. XXI, p. 1112, 1919. 
2) The slowness is expressed in the fact, that 7 contains only a, not the 


correspondiug momentum. 
MuPros.alc, 


—eitn 
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or putting a = const. approximately and representing the derivatives 
with respect to a by dashes: 


d yov „n Fasrfoy 

=) «= (5) (Sl 

rn a GA 
1=otle) 


Since the equations have the canonical form, we have as the 
fundamental equation: 


de n /doe (70) ) 
er I en — ti. r=y,: 5 
da 15 i=1 are - ( ) 
do j 
Here we may not as before take Fe A further difficulty 
presents itself: starting from a special line parallel to the ?,-axis in 
the (ci,t;) space -— a special “stream-line”’” — if we now vary a, 


as equation (3) or (3°) show, the stream-line becomes broken up. 
If we then keep a constant again and take together the points, that 
lie on a straight line, e will vary along this stream-line, since it 
contains points of different origin. Thus on the new line E is not 
stationary, but explieitly dependent on 1.. 

We now forın ') the time-mean of g, which we shall call e and 


the difference e—0. Since fa (0—0)—= 0, the quantity 0—e in its 


dependence on t, shows elevations and depressions round about og, 
the sum of the surfaces of the former being equal to that of the 
latter. Each point carries its g--@ value along with it and hence 
the curve shifts regularly with the time t. A stationary curve 
represents the tendency towards condensation (in an elevation) or 
rarefaction (in a depression) for the points of the stream-line, on the 
supposition of the change of a being: sufficiently small. If we make 
our moving curve slide along the stationary one, in the course of 
time elevations will cover depressions-'and vice versa. A further 
small change of a may therefore produce a diminution of the diffe- 
rence 0—g. By this reasoning it becomes clear that starting from 
a stationary density a suffieiently slow change of a will to a corre- 
sponding degree of approximation produce a stationary density °). 


I) For the method now following comp. J. W. Gisss. Statistical Mechanics. 
Chapter XII. 


?) Comp. J. M. BuRGERSs. Proc. Amst. XX (1916) 149, Ann. d. Phys. 1917 
(2) and my paper in the Proc. Amst. 1. c. 
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We will therefore suppose that a changes slowly in the sense of 
. the theory of adiabatic invariants. Let Da be the total change of a, i.e. 


Da=ä|d 


and let Dec; and Dt, represent the corresponding changes of c; and t,; 
eonsidering further that 


a = const., 


and hence 
ehe ith (Di= Id 
dam — . 
Di with ( t) 


we find 


De __ fan . zen ig 
RT 3) ae 5) Ge 


where the horizontal line indicates the time-mean. If in equation 
(5) we take c'; and {'; to mean these time-means, we obtain 
2 (5 Ezu)=0 83 13. beikeisten 
da ;i=ı\06,Da  0t, Da | 
Since o is independent of t£, the corresponding term under the 
summation-sign in (7) mnst be omitted. 


$ 3. Phase-space and adiabatic invariants. 
The stationary density g need not depend on all the variables 


re os Lay ten 
For example in a conditionally-periodie system without commen- 
surable relations between the periodieity-moduli g depends on the 
quantities c; only. This follows from the theorem which allows us 
to replace the time-average by an averaging over a 2-cell'). For 
an ergodic (or quasi ergodic) system in consequence of the ergode- 
hypothesis g depends on the energy c, only. We shall here suppose, 
that eg depends on %k quantities (k<n), which we shall indicate by 
Ga Cs werte, 0% 
These integrals may be called essential integrals. Our supposition 
with regard to g comes to the same as assuming that for our sys- 
tem the time-mean may be replaced by a definite numerical mean. 
To compute this we proceed as follows. 
Suppose the system of equations 
Bro, HH tt... „.Hk=% ee A N 
to be soluble with respect to 9,, Ps»: » Pk thus 


1) J. M. BurGers. l.c. and my paper l.c. 
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- = rn ee 
pP, =k (an m Pr Pan) (ke=:152 ) (8) 


Introducing the differentials de, ... . de, instead of the differentials 
dp,.... dpz into the phase-integral 


= [J... [far @,dn..-@, IN 38 DM 
we find ! 
| Mpı---P) 
as ‚fa Pr |. Joy rd0r , —e (10) 
1=[...[du...dyol...0) se TEE 


AP, ++-P,) 
es SB ne ER 


In (11) the integration has to be carried out, the limits being 
determined by (8). From the (p;, g;)-space or the (c;, t)-space we 
may pass to the %k-dimensional (c;,.... cz)-space. A streamline of the 
former space corresponds to a fixed point in the latter. The density 
e is replaced by ow in the c-space. Its elements therefore have the 
weight . For the iso-parametric motion (a = const.) the c-space is 
static i.e. each point is fixed. The integral (11) gives us the numerical 
mean looked for, namely, if / is a BR we have: 


(pı--- 
Ele I = Iparı- .dq/w. » . . (11) 


Returning to equation (7) we now have: 


where 


do  x* do De. 

en a 0. las 0 2 3 Pe 12 

da 1 de, Da ( ) 
since og is a function of c,,...,c» only. Similarly the quantities 
Dei/,. only depend on c,,...,cr, as is easily seen from (6), ifon 


the right hand side we replace the time-mean by the numerical 
mean (11). Therefore @ retains its property E=0(C,,-..,cy) when 
a changes. Equation (12) expresses, that e is a function of those % 
integrals of the differential equations (6) which only contain the 
quantities c,,...,cx. These integrals are obtained by integrating the 
set of & differential equations which on the left side contain the 
quantities De;/,, @=1,2,...,%). They are the essential adiabatic 


invariants, and we have I Boys that @ ıs a FUBeRRR of the 
essential adiabalıc invariants. 
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Let us further consider the c-space. If « varies slowly, the fixed 
points in it begin to move. Since in this motion the points do not 
disappear nor new points are formed, the density g®© must satisfy 
the equation of continuity, i. e. our fundamental equation. As 
e== const. is certainly a ‚possible solution, & itself must salisfy the 
equation 

dw k dc, 


da "Erde, de, ie ee) 


where 


Or with the notation 
Do = I k dw De, 


| da j=i de, De: 
in the equivalent forms 
Do k de. 
Kress en ee Ra 
or 
ö kd« 1 Do E 
Zube, rn: De RT ER a 1 
For the quantity on the left side — the Pwrzene — we 
shall deduce another expression. - 
The essential adiabatie invariants — % in number — satisfy the 
equations 
a Mr La.) nee 


Da, da = de, 
We shall suppose that the quantities vi can be expressed in the 
quanlities a (A=1,2...%) or 


LES 
ET BR 2 0 N a a, 

loyr.+,0,) 
The properties of our system can be equally well described by 
the quantities v; as by the quantities c;. The (v, .. . v2)-space has the 


advantage over the c-space of being static, also with respect to the 
action of adiabatie influences. Let us now examine the mutual 


relation of the two spaces. 
To this end we shall consider the D-derivative of the determi- 


nant T: 


DT >= Dviu 


— in ——, 16 
Da = ENG 2 
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dv; 
where v,—=-— and V;, represents the corresponding sub-deter- 


dc, 
minant. We have identically 
Dv, _%, vu — 
= 0, 
ya; ” dey r 
hence 
0 Dv, 0’, Oo, _ 17 dc 
——— m Bern, a een 
dc, Da ER N dad. a » de, deu (a) 
and on the other hand 
D dv. O’». Boa 
BAR 2 a a I SE 
Ta dc Bade, a DR (9 
From (a) and (d) it follows that 
Do%. Dr. Ov. an 
I ee _ BU SE 
Da dc. Da ı dcr dcy 
or 
Dv. k d r 
er 53 I. 3, Te 
Da I=1 "u Ocu ( = 
Substituting in (16) we obtain 
DYS 8 
De in den . . . . . . ( 3 


Sinee 203 V„=0 for 2Z#£u and equal to T for A=yu, (16) 
becomes 


Dr geh - 
nr Tz: (16°) 
Hence 
a ıDr 
a Da (16") 
Comparing this result with (13”) it follows that 
iıDYr-TY28 
TR ur 
or 
D Rn 
De a HU Su Dee en 
In other words: T/w is an adiabatie invariant or 
LEERE BA, . A (18”) 


Substituting this value of ® in the integral (10') we En 


Se SS fahr. (0 
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= |...fan cd n..e) 2 (10) 


Now we can always arrange, that 7 becomes equal to 1. We 
have only to introduce, instead of one of the v;, the adiabatie 
invariant 


or 


_ . h=funct. (v % .v) 
and submit it to the condition 
or, 
2 rm). es ab, meh (00) 
We then find 
Or, 08,08...” x 08, = 
de En de Ede 
Ir ‚v Bd) 
Y* ey gl hy 


a 


Calling the thus normalızed set of essential adıiabatic invariants 


2,.2..,0,,,:we find 
Dean. de;, SINE 


The v-space which is static with respect to adiabatie action is 
“weightless”: its density E is simply equal to go (v,,..., vr). The 
quantities v,,...,v may be quanticized. Its property which is 
expressed by eq. (22) is nothing but the fundamental law which 
according to Pranck’s hypothesis the quanta-quantities have to obey '). 
By our theorem (18") this hypothesis is connected with the adiabatiec 
invariants and thus finds a new confirmation. The property of the 
v-space being “weightless” displays the character of this fundamental 
law as a natural generalisation of the old quanta-hypothesis. 


$ 4. On the coherence of, degrees of freedom. 

From {he point of view now attained this very important con- 
ception appears as a natural consequence of our suppositions. If the 
number k — that of the essential integrals and adiabatic invariants 
— is smaller than the number of degrees of freedom n, as appears 
from (22), some of the quantities v; must necessarily be of the dimen- 


l) M. Prancak. l.c. 
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sion ip (p>1), since the dimension of / is A". In order to illu- 
strate this and the previous results we shall contrast the properties 
of a Bortzmann ergode and a:conditionally periodie system without 
commensurable relations: . 


ergode conditional periodie system 
essential integrals 

Ye de IH =D are ae 
numerical mean 


op, 0 (Pins: -Pn) vogr 
Sfarı:-- ann an. don zn . (23) JS Sana. ya 


density 
e=2(c. a) E=P(c::-,mja) 
essential adiabatie invariants 


V=l...fapı...dg » Ip gli 2, En), 
i a 
Ze 


H 0 


density 
v=e(V) | e=0(, vr .-.,0n) 
The conditionally periodie system is what BoLTzmann calls a sub- 
ergode. On the other band the ergode appears as a coherent system 


with a smallest value of k, viz. k—=1. These short indieations may 
suffice for the present. | 


$ 5. Degeneration. 

A conditionally periodie system is called degenerated, if there 
are commensurable relations between the periodieity moduli. It is 
evident, that our system covers a lower set of points with its 
orbital curve everywhere densely, than when there are no such 
relations. Accordingly the; numerical ınean will be of a lower 
dimension and more quantities will remain free after the averaging 
_ process. Thus besides the quantities c the quantities will play a 
part: the number of essential adiabatie invariants becomes larger 
than the number of degrees of freedom. The question, whether these 
supernumerary quantities have to be quanticized, we shall not discuss 
here. A good instance for the discussion of the questions which may 
arise here is afforded by the quanta-quantities in Epsrkın’s theory ') 
of the STARrkK-effect for an infinitely weak external electric field; the 


RER ing „ : . : 
“parabolic”” (quanta-quantities which are found in this case cannot 


) P. Erstein. Ann. d. Phys. 50. p. 49. 


837 


be represented as function of SomMERFRLD’S “spherical” quanta-quan- 
tities alone; other adiabatic invariants containing the quantities t, 
and Z, are essential in this case. 

I am fully conscious of the fact, that by the above considerations 
the diffieulties which still beset the theory of quanta are in no way 
removed, but only shifted. Still it seems to me that even the possi- 
bility of such displacement deserves attention. Moreover 1 expect 


that in special cases the general theory tentatively sketched out here 
may be found useful. 


Physical Laboratory of the University. Petrograd, April 1, 1920. 


| Physiology. _ «(pn Sensibilization to Radioactivity by the action 
of Hormones”. By Prof. H. ZWAARDEMAKER. 


(Communicated at the meeting of Sept. 25,. 1920). 


Sensibilization of organisms or organs to the energy of light has 
long ‚since been a familiar ‚process. in physiology. It is especially 
H. von Tarprıner!) who has called attention to some fluorescent 
substances, which in the presence of oxygen largely increase the 
deleterious influence of light. This noxious influence resembles the 
influence of ultraviolet rays. Mr. and Mrs. Hexrı”) have detected 
likewise an action of the colloidal selenium for the ultra-violet rays. 

Long afterwards similar effects have been detected for the Röntgen- 
rays. This is instanced by the use of enzytol (10°/, solution of borie 
acid cholin) to increase the destruction of malignant tumors in 
Röntgenization *) 

In 1917*) I have established sensibilization for Becquerel-rays. 
Here also there were fluorescent substances which brought it about, 
to wit fluorescein and eosin-— The-former had the stronger action 
for the a-rays, the latter for the #-rays. Their action took place 
irrespective of the presence or the absence of light. In virtue of 
standard experiments with adsorbentia (e.g. talcum venetum) | 
correlated the sensibilization in these cases with a reinforcement of 
the adsorptions, which the radioactive ions undergo through the 
action of the sensibilizers. In these experiments we found a super- 
session of fluorescein adsorption by eosin and not the reverse, running 
parallel to a supersession of the sensibilization of fluorescein by 
eosin and not the reverse‘). In general the adsorptions play a 
prominent part in the action of radio-active atoms of the eireulating 
fluids, because the ions, moving freely in the fluid, exert an influence 


1) H. von TAPPEINER, die photodynamische Erscheinung (Sensibilisierung durch 
fluoreszierenden Stoffe). Ergebnisse der Physiol. Bd. 8. S. 698. 1909. 


°) M. er Mme. Vıcror HENRI, Action photodynamique du selenium colloidal, Soc. 
de Biologie. ©. R. du 24 fevr. 1912. 


3) A full list of the literature on cholin-action is to be found in Dorn Strahlen- 
therapie Bd. 8. S. 499, 


*) Kon. Akad. v. Wetenschappen, Amsterdam 27 Sept 1917. 


5) See for the technique A. M. STRERF, Onderz. Physiol. Lab. Utrecht, 5e Reeks 
X VIII p. 59. 
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only when attached througb adsorption to the surfaces of the cells, 
and not when tley are located at various distances from the cells. 
An improved adsorption, by which a larger number of a certain 
group of ions attaches itself to the cells in a cireulating fluid of 
a given composition, improves. the result elicited by these ions. 

There is a simple means to detect sensibilizers for radioactivity. 
One has only to start from radio-active antagonism '). 

We, therefore, preferred to experiment on the heart of a cold- 
blooded animal, because the cells of this organ, the seat of automa- 
tie movement, are waslıed directly by the eirculating fluid. 

The heart of an eel or a frog beats only when, given the further 
necessary conditions, a radio-active component is present in the 
eireulating fluid in the proper dosage. It .does not matter whether 
the element under consideration is an «-rayer or a P-rayer (our 
normal ?-rayer is potassium). When applying the «- and the $-rayer 
simultaneously, the quanta may be counterbalanced so as to inhibit 
each other’s effect completely. At such a moment there is a standstill. 
A slight balance on the one side or the other will restore automatieity, 

The dosage of «- and ?-rayers in the eirculating fluid must be 
much smaller in summer than in winter. When taken alone, 5 mgr 
of-potassium chloride or 0,1 mgr of uranylnitrate per litre eireulating 
fluid is in summer suffieient to maintain the automaticity of sensitive 
hearts. In winter at least 20 mgr of potassiumchloride or 10.mgr of 
uranylnitrate per litre is needed. Accordingly the summer-, and the 
winter-equilibria differ very much. In summer a combination of 20 
to 30 mgr of potassinmehloride and 0,1 mgr of uranylnitrate (per 
litre) may arrest the heart’s action; in winter this result can be 
achieved only by 40 mgr of potassiumchloride and 10 mgr of uranyl- 
nitrate. - 

After having secured an equilibrium, no matter in what season, a 
number of substances will give a shifting, which again restores 
automatieity. Among the anorganie components it is especially the 


caleium-ion to which we must asceribe a great influence; among the 


organie substances I found a number of substances having in common 
the property of considerable surface-activity (as observed for the 
boundary layer air-water). 

Shiftings may be observed on either side. When on the a-side, 
so that a uranium-beat ensues, fresh potassium has to be added to 
obtain a standstill again. When the shiftings are on the ?-side, 
uranium must be added to produce the same effect. 


!) Kon. Akad. v. Wetensch. 27 April 1917. 
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The shifting does not at all prove that the substance, by which 
it is generated, is a sensibilizer; it only renders this probable. To 
ascertain this we have to find out the maximum-, and minimum- 
doses, between which the automatieity of the organ can be main- 
tained; the potassium limits are the most important. In summer 
these extremes vary with the individuality of the animal, and range 
from 5 to 20 and from 10 to 300 mgr. of potassium chloride per 
Litre, a low threshold corresponding witlı a low upper-limit, ete.; 
in winter the extreınes are more constant; 20-—-30° and 600-800 
mgr. potassium chloride per litre. Similar observations were made 
for the other radio-active elements, but I pass them over in silence, 
since these elements do not occeur in the animal organism. The 
same holds good for the majority of the sensibilizers found by us. 

An exception is afforded by cholin and adrenalin, both hormones 
oceurring in every organism. Their sensibilizing power for BECQUEREL 
rays is very strong, even when the dosis of cholin is one mgr. per 
litre of eireulating fluid and of adrenalin 0,001 mgr.') 

In the presence of one of these hormones the potassium-dosis that 
keeps up the heart’s action, may be reduced to half the normal 
dosis, nay, to less even. In summer, therefore, these dosages are 
extremely small, even '/, mgr. of KCl per litre. Then the greatest 
purity of chemicals is of the utmost importance. 

However, there is a. difference: Cholin shifts a potassium-uranium 
equilibrium towards the potassium-side, adrenalin towards the ura- 
nium-side. Whether this difference will also manifest itself in normal 
life is still an open question. For auglt we know, there is nowhere 
in the organism an a-rayer, unless it be the trace of rest-activity left 
behind by emanation, when it is inspired and expired in minimal 
quanta as an indifferent gas together with the atmospherie air. 

Potassium, cholin, adrenalin are normal constituents of the organ- 
ism. Accordingly, the study of their mutual relations is a true 
physiological study. 

The bio-radio-activity of ee has no temperature-coöfficient. 
Both the velocity of effect and the dosage remain the same with 
4°, 10° or 20° °?), 

Tlıe small differences lie within the latitude of the experimental 
errors. In this respect physiological radio-activity is analogous to. 
photo..hemical actions, whose temperature-coefficient is likewise 


)) W. LiBBRECHT used for the same purpose but in another connection 0,05 
mgr. per litre. (Arch. int. de Physol. T. 15, p. 357). 

?) Summer- and winterdosage do not differ on account of the difference of 
temperature. We mention the difference in hormones as a possible cause. | 
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insignificant. Still, the two are not identical. On the contrary, phy- 
sically corpuscular raying differs fundamentally from light-rays. 
Nor have we succeeded, in spite of strenuous eflorts, not even by 
means of the most concentrated visible or ultraviolet light, in 
achieving a recovery of automatieity in an organ perfused with a 
potassium-free fluid. As regards the temperature-coefficient {he ana- 
logy between radio-biological and photo-chemical action is still a 
matter of surprise, even though we are told by modern researchers 
that in many cases the action of light rests on the liberation. of 
electrons. 

These phenomena might be correlated by assuming that the 
charged particles which send the radio-active radiation witl great 
velocity through the lipoid films on the surface of the cells, evoke 
inside the cells a catalytic effect, which we usually call a stimulus '). 


1) On physiological radio-activity. Journal of Physiology. Vol. 53 p. 286. 
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Histology. — “An Inquiry into the Distribution of Potassium- 
compounds in the Electrie Organ of the Thorn-back (Raja 
Clavata).’” By M. W. Wosrpeman. (Communicated by Prof. 
H. ZWAARDEMAKER). 


(Communicated at the meeting of October 30, 1920). 


On Prof. ZwaArDEMaKER’s suggestion | have latterly examined 
different tissues and organs mierochemically on the presence of 
potassium-componnds. I intend to discuss the method and the results 
of this inquiry more in detail; for the present I will publish 
only my experience in the investigation of the electric organ of the 
Thorn-back (Raja clavata). 

ZWAARDEMAKER’S researches established that the function of organs, 
perfused artificially with a salt-solution, largely depends on the 
potassium-content of that solution, and that the potassium, being a 
weakly radio-active element, plays such a prominent part in the 
origin of the organic actions, on account of its very radio-activity. 
It may be supposed, therefore, that the potassium compounds which 
are normally to be found in the organs of animals or plants, take 
an important part in the normal functions of these organs. We 
presume, therefore, that information concerning the presence or the 
absence of potassium-compounds in certain cells, tissues, or organs 
will be gladly received. 

Now, through chemical examination the quantum of potassium, 
contained in various organs, has already been determined with great 
accuracy. From this examination we do not learn, however, where 
in the organ the potassinm-compounds are located. Macanıum namely 
has detected that in a number of tissues and organs the potassium- 
salts are not distributed at random and irregularly, but that they 
often occur there at definite places, bound to quite definite structures. 
Macarnum’s') reagent on potassium-compounds is a modification of 
the mixture used for the first time by Dr Koninck). Macannum’s 
mixture of cobalt-salt and sodium-nitrite, added to a potassium-salt 


') A. B. Macartum. On the distribution of potassium in animal and vegetable 
cells. Journ. of Physiol Vol. XXXII, 1905 and Die Methoden und Ergebnisse_der 
Mikrochemie in der biologischen Forschung. Ergebn. der Physiologie, Jrg. 7 
1908, p. 552. 


%) DE Konınok. Zeitschr. f. analyt. Chemie. Bnd. 20. 1881, p. 390. 
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solution precipitates Fischwr’s crystalline salt (a potassium-eobalt 
sodium-nitrite). MAcaLLum puts sections of frozen material or teased 
out preparations of fresh tissue in his cobalt-nitrite-sodium-nitrite 
mixture. In the tissues and in the cells the potassinm-preeipitate 
can now be formed. After being thoroughly washed with distilled 
water, by which the reagent is washed away, {he tissue is gubjected 
to an after-treatment with ammonium sulphide, which renders Fischrr’s 
salt black (formation of cobalt-sulphide). Wherever mieroscopical 
examination reveals black precipitates or black decoloration, we may 
decide upon the presence of potassium-compounds. 

If e.g. voluntary muscle-tissue is treated after Macun1.um’s method, 
it will be seen that the potassium-compounds oceur almost exelusively 
in the doubly refraeting dises of the museular fibres. The dises 
of single refraction do not contain any potassium. Now, because the 
electrie organs of the so-called electric fishes are developed (with a 
few exceptions) from voluntary muscular tissue, and since nobody 
has as yet studied the distribution of potassinm-compounds in this 
metamorphosed muscular tissue, we considered an inquiry into the 
distribution of potassium compounds in the electric organs of some 
consequence. I regret to say that, although Dr. C. KerBerrT, Director 
of Natura Artis Magistra offered his kind assistance, the strong elec- 
trie fishes could not be put at my disposal. But also the Thorn-back 
(Raja clavata), occurring at the Dutch North Sea-coast, has an electric 
organ, which, though its action is weak, largely resembles in struc- 
ture the organs with stronger action. I, therefore, applied to the 
Zoological Station at Helder, where, through the kindness of Dr. 
Repeke and Dr. van Goor I was enabled to perform the potassium- 
reaction in the living electric organ of a thornback. The tissue was 
put in the reagent and afterwards made into sections with an ice- 
micerotome (spray from liquid carbon dioxide). Although it is better 
to make the sections first and to treat them immediately after 
with the reagent, I followed the other way, because there was no 
freezing microtome at tle Station. This altered working-method, 
however, did not lessen the value of the results. I took care to put 
very small pieces of tissue in the reagent in order to allow the 
reagent to permeate the tissue as effectually and as rapidly as possible. 
As I do not see any difference between the outer and the central 
parts of the preparations, the diffusion appears to have succeeded 
well. Before reporting the results of this inquiry I may as well 
reımind the reader that the electrie organ of the Thorn-back is situ- 
ated within the lower two-thirds of the tail. There it lies at the 
side of the dorsal and ventral tail-museles. It consists of-a large 
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number of so-called electric platelets disposed in rows running 
parallel to the axis of the body. Bach platelet (see fig. 1) consists 
of 1. a so-called anterior cortical layer composed of a single layer 
of cells; 2. an inner layer composed of numerous twisted lamellae 


medullated nerve 


posterior cortical layer 


jelly-like 
nonmedullated connective 
nerve branchlets tissue 


inner layer 


anterior corfical layer 


nonmedullated 
1 nerve-fibre 
posterior —_/ 


cortical layer 


anferior 
lamellae cortical layer 
of inner layer 


Fig. 1. A. Sagittal section through electric organ of thorn-back. 
(only two electric platelets have been represented). 
B. Part of an electric platelet, more enlarged. 
(Diagrams, made after.picture of frozen sections). 


M. W. WOERDEMAN: “An Inquiry into the Distribution of Potassium- 
compounds in the electric organ of the Thorn-back (Raja Clavata)”. 


Electric platelet. 


— bloodvessels. 


medullated nerve. 


Fig. 2. Microphoto of two electric platelets of Raja punctata. (Section of 
frozen organ, treated with potassium-reagent) Exhibits a very black precipitate 
in the electric platelets and little or no precipitate in the jelly-like connective 
tissue between the platelets. 
(Reichert. Objective 4. Ocul. 2). 


remainder of. striation. 


Granular layer. 


Nuclei encircled 
by granular 
precipitate. 


Nucleus encircled by 
granular precipitate. 


anterior corfical 
layer. 


Inner layer. 


Posterior certical 
layer. 


Fis. 3. Microphoto of an electric platelet.of Raja punctata. (frozen section, 
treated with potassium-reagent). 
(Oil-immersion '/» Leitz. Oculair 2). 
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and 3. a posterior cortical layer. The latter consists, like the anterior 
layer, of a single layer of cells, but this layer is folded in so many ways, 
that in sections the impression is exeited as if the posterior cortical layer 
is provided with fringe-like prolongations. The entire platelet is enveloped 
by a very thin homegeneous ‘membrane (the electrolemma). A very 
fine network of non-medullated nerve-fibres lies against the anterior 
corlical layer. Where the fibres reach the cells of this layer, those 
cells present peculiar rods. The inner layer is the most complicated. 
To realize its structure we should bear in mind that each electric 
platelet must be considered as a modified muscular fibre. 

The lamellae of the inner layer are derived from the en 
and isotropous-dises of the striated muscle-fibre (see also EnGEI.MAnN’s 
researches in “Önderzoekingen Physiol. Lab. Utrecht 4e Reeks 
III, p. 307). | 

The doubly refraeting layers become thicker, they lose their 
faculty of double refraction, while the isotropous discs remain visi- 
ble as finer, dark stripes. The layers are sinuously disposed and 
thus originates the complicate structure of the inner layer of the 
electrie platelet. | 

BaBucHin could distinguish in young living rays the gradual trans- 
formation of the muscular fibres into electric platelets and was able 
to demonstrate that electrie stimulation still elieited eontractions in 
fibpres whieh had not yet undergone a complete transformation. The 
electrie plate once being formed, contractility is lost, but the generation 
of electricity, which is also a property of the muscular fibre, has 
far more become a principal function. So the electric organ may 
justly be looked upon as a highly interesting objeet with a view 
to potassium-researches. 

Let it be finally observed that all electric platelets are ee in 
a jelly-like connective tissue. 

In successful preparations, treated after Macarzum, I was now 
enabled to establish that the electric platelets contain a great many 
potassium compounds, whereas the jelly in which they are Iying is 
almost destitute of potassium (see fig. 2). Whereas in the medullary 
sheath of the medullated nerves a distinet reaction is found, by 
which the neurokeratin-retieulum is disclosed, the non-medullated 
fibres appeared to be entirely potassium-free. It follows that in 
most preparations nothing is to be seen of the nerve-network which 
lies against the anterior cortical layer. This confirms MacanLum’s 
finding that no potassium-reaction occurs in the axis-cy linders of the 
nervefibres. The electrolemma is colourless and therefore apparently 
potassium-free. In the electric platelet itself the reaction reveals itself 
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most distinetly in the inner layer (Fig. 3). In the anterior and 
posterior cortical layers we observe fine-granular, black preeipitates, 
above all round the nuclei. In the nuclei themselves there is no 
reaction. Indeed, MacarLum could never observe a potassium-precipitate 
in a nucleus. This justifies the assumption that the nucleus is potas- 
sium-free, since so-called masked potassium-compounds (such as iron 
in haemoglobin) are unknown. 

Cell-boundaries between the various nuclei I’did not deteef, con- 
sequentiy I would rather describe the anterior and posterior 
cortical layer as a syneytium. It is very striking that there is a 
considerable accumulation of black grains in that portion of the 
anterior syneytium which leans on the inner-layer of the platelet. 

A regular granular layer exists on the boundary between the 
anterior syneytium and the inner layer. On the boundary between 
the inner layer and posterior syneytium my preparations do not 
reveal that accumulation of potassium-compounds. Although in some 
parts of the anterior syneytium also rods could be distinguished, 
they did not show any black coloration. The inner layer of the 
electrie platelet is highly potassium-rich and it is remarkable 
that here also dark and light stripes occur, just as in voluntary 
museular tissue. The dark stripes are diffusely black; I did not see 
any grains. — In pieces of voluntary muscular tissue taken from 
the tail of the ray, which were also treated with the. potassium- 
reagent, the anisotropous discs were also diffusely black and the 
isotropous layers completely colourless. Now, because the inner layer 
of the platelet has arisen from the fibrillary part of a voluntary 
muscular fibre, we can hardly be mistaken in conceiving the alter- 
nation of dark and light stripes in the inner layer of the electric 
platelet as a remainder of the alternation of anisotropous, potassium- 
bearing and isotropous, potassiumfree discs of the museular fibre. 

In the jelly between the platelets I found only potassium deposits 
in the protoplasm of the starshaped connective-tissue cells. They, 
however, are poor in potassium and so the whole quantity of 
potassium-compounds in the jelly is very small; anyhow, strikingly 
small compared with the potassium-rich electric platelet. The same 
pietures recurring in various preparations as described above, I may 
be justified in considering the above-mentioned distribution of the 
potassium-compounds to be not a casual, but a typical phenomenon. 


According to Macarnum the forms under which potassium oceurs 
in tbe tissues are the following: 


1%. as a local preeipitate; 
2"d. as a series of local sharply outlined deposits; 
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3'd. as a so-called bio-chemical eondensation. 

According to this differentiation potassium occurs in the anterior, 
and the posterior cortical layer as a local precipitate, in the inner 
layer, however, in biochemical condensation. 

The local preeipitate is‘to be found especially round the nuclei 
of the two cortical layers and on the boundary of the anterior 
cortical layer and the inner layer, while in the latter the potassium 
has been condensed in the originally doubly refracting dises. 

The most interesting facts brought to light by this experimentation 
are, in my judgment, 1°. the potassium-richness of the electrie platelets 
and the slight quantity of potassium in the surrounding jelly ; 
2nd, the occurrence of a large precipitate of potassium on the boun- 
dary between the anterior cortieal layer, and the inner layer, and 
3"1. the fact, that in the inner layer the peeuliar distribution of the 
potassium-compounds, found in voluntary muscular tissue, has been 
maintained. The physiological explanation of these facts will, as I 
hope, be given by those who are competent to do so. 


Histological Laboratory of the Amsterdam University. 


Physics. — “Extinction by a Blackened Photographie Plate as Function 
of Wavelength, Quantity of Silver, and Size of the Grains”. 
By Arpu. Deumens. (Communicated by Prof. W. H. Junus). 


(Communicated at the meeting of Sept. 25, 1920). 


Introduction. For the right understanding of the photographic process 
knowledge of the final product: the blackened photographic plate, 
is indispensable. In this communication we shall give an account of 
a research of the blackened photographie plate. 

We have set ourselves the task to investigate the blackening ') for 
different wave-lengths, to measure the quantity of silver present in 
the examined plates per unit of area, and we have further deter- 
mined the size of the silver grains ’’). 

The extinction of a photographie plate may be compared to that 
of a fixed colloidal solution, e.g. milk-glass or ruby-glass, where 
also small particles are steeped in another medium. 

The quantities mentioned have been measured, because the extinc- 
tion of a blackened photographie plate can be theoretically under- 
stood by considering it as the result of the action ofa great number 
of irregularly distributed grains of silver, steeped in gelatine. 

When the distribution and the nature of the silver in the plate 
is known, the action on radiation of given wave-lengths can be 
derived, and inversely something about the nature of the silver in 
the plate can be inferred from this action for given radiation on 
grains of given size. 

In this communication we shall not enter further into the theo- 
retical considerations, but reserve them for a following communication. 

We now confine ourselves to the description of the experimental 
methods used and of the results obtained by them. 


) By blackening is understood Brigg’s logarithm of 2, in which /,, resp. I, 


is the intensity of the light that has traversed an unblackened, resp. blackened 
part of the plate. 


The name “blackening” is not appropriate, because the photographic plate 
is not black. 
* Hence it would be better to follow R. LUTHER (Zeitschr. f. phys. Chem. 
1900) and speak of “the extinction” of the photographic plate. 


®) Besides the extinction and silver content of a collargolsolution was, 
examined. 


Aut 


I, 
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The investigation of the blackening for different colours has, besides, 
another practical use. Blackened photographie plates have often served 
as light-reducers. Of late they have been used as such in different 
researches in the Institute for Theoretical Physies. Compare Miss 
RıwLın’s investigation-). It was, therefore, necessary to find a method 
to gauge these reducers for different colours with regard to the 
quantity of light that they allow to pass. 

The attention may also be drawn to the fact that the law of 
blackening that is found, can present differences when the plate is 
measured for different colours. 

For the blackening is dependent on the method by which it is 
measured, in opposition to the number, the section, and the nature 
of the grains of silver present in the photographie plate per unit of area. 

The miero-photometers work with light of different colours, thus 
e.g. that of Hartmann’) and all other visual ones chiefly with 
yellow-green, that of Pausn Koch ’) chiefly with light of short wave- 
lengths, that of Mort ‘) for the greater part with red and ultra-red. 

Differences in results may, therefore, always be interpreted by the 
consideration that the blackened photographie plate is far from black. 


$ 1. Determination of the Blackening for Different Parts 
of the Spectrum. 


1. Method of procedure. The determination of the blackening 
takes place by means of the extincetion meter of Mor, modified 
according to the adjoined scheme.‘) (fig. 1). 

A Nitralamp Zp (25 candles, 4 Volts) throws a beam of light 
made parallel’) by lens Zs on the photographie plate Pt, which is 
always put at the same place in the apparatus. A dish Ci filled 
with a coloured liquid, and a colour-filter #r enable us to throw 
a beam of the desired colour on the plate. After this the beam 
strikes the thermopile 7% and causes a thermo-current proportional 
to the energy of the light that strikes it. The intensity is measured 
by the aid of a compensation method. 


l) These Proc. Vol. XXIII N®. 5. p. 807. 

2, Zeitschr. f. Instrum. Kunde 1899 p. 97. 

% Ann. der Physik Bd. 39, 1912, p. 705—751. 

4 Dr. W. J. H. Moıı. Een nieuwe registreerende microfotometer. Versl. 
Kon. A. v. W. XXVII (1919), p. 566. 

3) Versi. Kon. Ak. v. W., 28, p. 1001— 1006. 

6) We choose a parallel beam to make the theory of the observed phenomenon 
as simple as possible. We avoid then also the Callier effect (Zeitschr. f. Wiss. 


Phot. Bd..7,.9.:237/=etc:). 
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The decade resistance box Bk') brings the current of an accumu- 
lator Ar to the strength at which the thermo-eurrent Is compen- 


WR-2 252 


o—— 


Ir Pi Ir. CE Ab 


Zn. 
Fig: 1. 


ated. Then the galvanometer Gr is without current. The eireuits 
of accumulator and thermopile have the manganin wire AB, of about 
0.1 ohm, in common. Shunt ‚St protects the galvanometer Gr. against 
too strong currents. The zero-position is obtained by bringing valve 
Kp before the lamp, and by interrupting the current with the con- 
tact key Sl. 

The blackening measurements are made in the following way: 
We place the unblackened part of the photographie plate Pt in the 
light path of the lamp Zp and determine the resistance R, in resis- 
tance box Bk necessary to compensate the thermocurrent. Then we 
shift Pt, till the blackened part of the plate is in the light path, 
and compensate again, let us suppose with A, Ohm. The blackening 


I, R, 
is then given by BIT — log FE 

In the wmeasurements the following sources of error should be 
taken into account: 

1. The spectral distribution of energy of the lamp (Lp) changes 


on protracted use. The same blackenings measured with an interval 


of some hours’ burning of the lamp never gave differences greater 
{han the aceuracy allowed by the method. 


\) Every resistance of from 0,1 to 100.000 ohms can be inserted on the 
decade resistance box. 
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2. The strength of current of the lamp may fluctuate; it must, 
therefore, be continually controlled. Care has been taken that the 
error in consequence of the fluetuations in the intensity of the lamp 
remains at the most of the order of 1°/,. 

As after a lamp has _been lighted, the stationary and maximum 
intensity is not reached until some time after, the observations are 
always started half an hour after the lighting of the lamp, and the 
lamp remains burning all through the series of observations. 

3. When we allow light to fall on the thermopile 7%'), the 
galvanometer Gr reaches its position of equilibrium within 2 seconds. 
When the radiation is continued, we see the deflection, after having 
been constant for a moment, slowly diminish. This isa consequence 
of the getting warm of the surroundings of those places of contact 
in the thermopile that are not directly irradiated. °) 

In order to minimize the influence of this error, the successive 
manipulations in the measurements are performed with constant 
intervals. 

These intervals are marked by an electric clock, which every ten 
seconds closes a mercury contact for a moment. This brings about 
that via a relay through the key Wp, which can turn round a 
horizontal axis at #, the circuit is closed and broken at (’ and D 
alternately for ten seconds. Only during the 10 seconds that the 
shunt St is cut out at C, and the accumulator current put in at D, 
is the valve Äp open, and is the light admitted on the thermopile. 

It will be at once clear that in these ten seconds the resistance 
box BK cannot be adjusted so that the thermo-current is totally 
compensated. Therefore it is ascertained through a preliminary in- 
vestigation what value of the resistance is about required for every 
blackening to compensate the thermo-current. The galvanometer shows, 
therefore, a small deviation. As deviation is taken the difference 
between the unshunted zero position (1), i.e. when valve Kp is 
shut, key Wp is in position 1 and key S/ is out of the circuit, and 
the unshunted state of equilibrium (3), i.e. when valve Kp isopen, 
key Wp in position 1 and key S/ is in the circuit’). 


) The thermopile is provided with a cylindrical tube in order to prevent 
obliquely incident light. 

®) This phenomenon is met with to a much smaller degree in the later 
improved construction of the thermopile. 

3) As has already been said there is every time a period of ten seconds; 
this time is amply sufficient to allow the galvanometer with or without thermo- 
pile to resume its state of equilibrium, and to read the position reached on 
the graduated scale down to 0.1 m.m. 
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The eorrection of the resistance is caleulated from the deviation in mm, 

The influence of the error mentioned under 3 has been minimised 
by this procedure, for: 

1. the thermopile is irradiated always in the same way, and during 
Ihe same short time, 

9. every observation is the mean of several measurements. 

Besides every photograpbic plate is at least measured twice. 


II. The measurements. The first observations showed at once that 
as was to be expected, the blackening is a function of the wave- 
length of the light with which it is measured. Frequently repeated 
observations confirmed the first results. 

The following plates were used: Wellington plates, Speed 100, 
and Speed 400, dimension 13 X 18 cm., always of the same emul- 
sion number '). 


Every period (1) and (3) of 10 seconds is succeeded by a period (2), in 
which the key Wp is in position (2); hence the galvanometer is protected by 
the shunt from too $reat deviations. 

In this period (2) of ten seconds the necessary manipulations, as the opening 
and closing of valve Kp and key Sl, the adjustment of the resistance box 
BK to the resistance approximated before, and the noting down of the 
observation, may be performed. 

Every observation consists in the reading of 3 zero-positions (l) and 2 
positions (3), and lasts therefore 90 seconds. The course of the observation 
may be characterized by giving the periods (1) (2) and (3) in the right 
succession, viz.: 

9) —(3)—(2)—(1)—(2)—(3)—(2)—(1). By averaging the 3 positions (1) and 
the 2 positions (3) and by subtraction, the sought small deviation is found 
in m.m. 

') The plates Speed 100 are developed with hydroquinone according to 
the recipe: 


Ist solution: Hydroquinone 36 $rms 
Potassium meta bi-sulphite 36 „, 
Bromide of potassium ao 
Water 3000 „, 

2nd solution: Potassium hydroxide 1A4e 5 
Water 3000-255 


Used were equal volume parts of the two solutions. 
The plates Speed 400 were developed with &lycin according to therecipe: 


Distilled water 3000 $rms 
Sodium sulphite (powder) 150 
Glycin 3 
Potassium carbonate Sl 
As fixing bath is used in both cases: 
Ist solution: Hyposulphite 1500 grms 
Water 3000 „, 
2nd solution: Ammonium. chloride 600 n 
Water 3000 


Mix A and B. & 


Be 
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1. Plates developed with hydroquinone !). 

The plates N°. 1—4 have been developed for 7 '/, minutes with 
1 part of developer and 6 parts of water, plate 1 at 14.5°, plate 
2—4 at 13°, tbe plates 5—10 have been developed at 13° for four 
minutes with 1 part of developer and 3 parts of water. After 
development all_ the plates were rinsed for '/, minute, fixed for 
15 minutes, and rinsed for 2 hours. 

‚In the plates 5—10 the two most uniformly blackened pieces of 
15 cm? were chosen on each plate. These two pieces are denoted 
by A and B in the adjoined tables. Of each piece of 15 cm? the 
blackening is measured at tlıree different spots. The area of the 
beam of rays on the photographie plate amounting to about 4 cm’, 
the blackening is directly determined on 12 cm? of the 15 cm’. 
The blackening given is a mean of these three. 

In the plates 2—4 two pieces of 65 cm? are taken, because on 
account of the slight blackening a larger area must be used in the 
determination of silver to be described later. The blackening is 
measured in four places in every piece. The blackening given is 
the mean of these four. 

In plate 1 the different blackenings — marked «, ß, y, and d in 
the table — are so slight, that no determinations of silver can be 
made with them. 

Accordingly the blackening is measured only at one place, but 
always twice. 

2 Plates developed with glyein ?). 

The plates N’. 11—19 have been developed at 18° for 7'/, minutes 
with 1 part of glycin and 2 parts of water, and they have further 
been treated in the same way as the plates 5—10 with hydroquinone. 
As with glyein a cloud occurs near the blackened part, a very broad 
region of the plate is left unilluminated in the plates developed 
with glyein, and the resistance R, of the unblackened plate is 
measured at a place suffieiently far from the elouded part of the plate. 

The blackening is measured for all plates for the following colours. 

a. For the whole spectrum except for ultra-red. 

' The dish Ct in. the light path of the lamp Zp is filled with a 
3 °/, eopper-chloride solution; filter Zr is superfluous here. 

b. For ultra-red; centre of the intensity estimated at 1,25 u. The 


“) We take Wellington plates, Speed 100, developed with Hydroquinone 
and bromide of potassium to get plates with small grains. 

2) We wish to make the blackening and the filter investigation for two 
different developers. As second developer we take glycin without potassium 
of.bromide, because we then get a fairly constant and not too large grain. 
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dish in the light path of the lamp Zp is filled with an asphalt 
solution; filter Fr is superfluous here. 

c. For rays of 0,640 u to 0,535 u; centre of the intensity estimated 
at 0,58 u; we shall therefore indieate this wave-length region by 
“yellow”. 

d. For rays of from 0,590 u to 0,435 u, with the centre of 
intensity estimated at 0,54 „. This region is indiecated by “green”. 

At c and d in the light path is placed a 3 °/, copper-chloride 
solution, and besides a coloured gelatine filter as is sold by the firm 
Kıpr, at c the filter 3Ce, at d the filter 5Ac. 

e. For the whole spectrum. Neither disb Ct nor Fr is placed in 
the light path. 

We find in fig. 2 both for hydroquinone and for gelatine the ratio 


b C 
:; and 1 plotted against d as independent variable. Thus two curves 
; 


H, = Hydrochinon ‚ullrarood . O 


in = | | | > 
ee a en ee a 
EN ar = — 


Fig. 2. 


are obtained for glyein, denoted by the letters G, and @ and (wo 
for hydroquinone, indicated by 4, and H. Al 


) Only the four blackenings of 
b, cand.d, 


ultra-red. 


plate | have been measured, besi 
‚ besides for 
also for the whole spectrum and for the whole spectrum except 


In fig. 2 only 2 and © 
8. 2 only 7 and 7 of plate ] have been plotted against d. All the 


measuremen | 
ts, however, are found in the table I adjoined to this communication 


Ag= b GEL: = 0 
G,=Glycine  _ ‚ullrarood. ® 

| (5 = ; ‚geel .® 

I TE wa 50 2 
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The points marked in fig. 2 have been obtained by taking the 
mean everywhere of the values A and 2!) recorded in table I 
(see the end of this communication). 

It appears convineingly from fig. 2 that the blackening found is 
a function of the wave-length with which the blackening has been 
measured. 

As we lIıope to demonstrate further in a following communication 
and as appears from the measurements in $ 3 — the strong deviation 
of A, for blackening from O to 0,6 will have to be attributed to 
the influence of the size of the grain of the silver. 


1,60 


| | 
HH, = Hydrochinon. ulitarood 
Ha= u 
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In order to make the survey of the efficieney of the photographic 
plate as light-reducer clearer, the transparency for the measured 
blackenings from fig. 2 has been derived in ratio to the transparency 
for green, by the aid of the relation: 


3h, D 
10°5—*d = > (1) 
d/], Da 


in which D represents tbe transpareney and the index d and d 
means ultra-red and green. 

(1) results immediately from the definition of the blackening. 
1) Finally the same measurements b, c and d have been carried out for 
collargol. As analogues of the blank plate serves a dish filled with pure water, 
as analogues of the blackened plate serves a same dish filled with collargol- 
solution. These observations are indicated in fig. 2 by C. 0.65 X 10-3 grams 


of collargol are taken per cm? of water. 
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In fig. 3 the ratio of the transpareney for yellow, resp. ultra red 
to green has been plotted as ordinate against the blackening for 
green as abscissa. 

Hence it appears that for. the region yellow-green the plates 
developed with glyein with a blackening of from 0 to 1.0 to 8°/, 
may be safely used as reducers. For the rest it is, however, advisable 
always to gauge the plates with regard to their transparency for 
the wave-length region for which they must be. used. In the investi- 
gation by Miss Rıwuın cited above this has been done by the method 
worked out by us'). > 
> The mean error of the observations of blackening has the value 
of 0,7°/, for blackenings of 2.0 to 0.1, the value of 3.3°/,*) of the 
blackening for blackenings of 0.1 to 0.001. Also with blackenings 
above 2.0 the accuracy becomes less. 


$ 2. Determination of the Quantity of Silver Present per Unit 
of Area on a Blackened Photographie Plate. 


1. Method of procedure. It appears from the results of $ 1 that 
the quantity-of silver present per unit of-area on the photographie 
plate cannot be proportional to the blackening. 

The estimation of the silver was made with the extinetion meter 
of Moı1?) in the form as it was used in Mr. Dirmarsch’s still un- 
published investigation of the flaking of colloids. For partieulars of 
the research we refer to the publication of Mr. Dirmarsch’s results. 
For our purpose it is sufficient to observe what follows. 

The deviation of the galvanometer caused by change of the turbidity 
in one of the dishes, is registered photographically *). Accordingly 


!) In our investigation it is impossible to reproduce all the blackenings that 
- are to be investigated, on one photographic plate. This is preferable especially 
in a search for the law of blackening, properties of the blackening etc. As 
the way in which the problem has ‚been put, necessitates the determination 
of the quantity of silver of the plates, and this requires a black plate of 
sufficiently large area, we meet with practical difficulties when we wish to 
represent all the blackenings on one plate. The same investigations have, 
however, first been carried out with the different blackenings in small squares 
on the same plate. The results obtained were the same. Hence the differences 
found cannot be attributed to the use of different plates. 

?) These slight blackenings can be measured with the same apparatus bya 
somewhat more elaborate, but also more accurate way, which reduces — 
mean error to 0.9 %.. 

) Versl. Kon. Akad. v. Wetensch. XXVIN 1920, p. 1001—1006. 


‘) The error resulting from the changes in the dimensions of the registering 
paper, which may appear after the development,.appears to be smaller than. 1%, 
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the compensation switch described by Mori, has been omitted'). 
The variation of the turbidity with the time may be read from the 
registered curve. 

The use of the extinction meter of Morı for the estimation of 
the silver-content of a solution?) is based on the fact that it becomes 
turbid when a definite quantity of a sodium-chloride solution of a 
given strength is added to it. The process that then takes place, 
consists of two parts. First of all the silver and sodium ions join 
to molecules of silver chloride, which takes place very quickly, and 
then the molecular disperse solution which can be compared with a 
finely divided sol, begins to flake slowly, and consequently becomes 
turbid. After a considerable time the turbidity becomes constant. 

Hence a method worked out with a view to the study of the 
process of flaking, can also render good services for ihe investigation. 

For liquids with equal silver content this turbidity is only dependent 
on the time. When we, however, start from liquids with different 
silver content, it ‚appears from the shape of the registered eurve 
that this turbidity depends in a great degree on the silver concen- 
tration. We have here, therefore, an aceurate means to determine 
the content of a silver solution. This method has been applied in 
the following way: | - 

The registered. deviation of the galvanometer is plotted as function 
of the time and the area described in ten minutes?) — called area 
of flaking — is calculated. This is done for different solutions of 
known silver content. When we now plot the. calceulated areas 
against the resp. silver contents, we get a gauging curve‘), from 
which the content of a silver solution that is to be examined, can 
be read after caleulation of the area of flaking. 

When the sketched method is applied unmodified to the photo- 
graphic plate, we are confronted by the diffieulty that the grains of 
silver lie embedded in gelatine. When the silver of the plate is 
dissolved in nitrie acid, and when sodium chloride is added, the 
gelatine or its reaction products appear to prevent the flaking for 
the greater part. By varying all the eircumstances and registering 


) Versi. Kon. Akad. v. Wetensch. XXVIII 1920, p. 1002— 1003. 

2) In our investigation this is always a silver nitrate solution. 

3) In general the deviation of the galvanometer has already got near its 
maximum after 10 minutes. 

4 Instead of the area of flaking also the deviation reached after then minutes 
might be used, but this method of procedure is less accurate, For the calculation 
of the area of flaking.comes to the same thing as the use of different deviations 
separated from each other .by equal time intervals. . ' 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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the areas of flaking corresponding to them, we found as the most 
favourable conditions boiling of the pieces of the plate of 15 cm’, 
resp. 65 cm’? with nitrie acid of 50°/, for 60 min. resp. 90 min. 
The influence of the gelatine or of its reaction products then dis- 
appears at 8°/,‘) for the pieces of 15 cm’, and at 17. °/,*) for those 
of 65 cm’. 

The eontent of the silver nitrate solutions thus obtained from the 
photographie plate, can however not be read from the above described 
eurve of gauging. For this purpose we must first make comparable 
silver-nitrate solutions of known content. This is done by developing, 
fixing, and rinsing unilluminated photographie plates of the same 
kind as has been used, in the same way as the blackened photo- 
graphie plates for the estimation of silver of which they must serve. 

Then pieces of 15 cm? resp. 65 cm* of these unilluminated plates 
are heated with the same quantity of nitrie acid and a known 
quantity of silvernitrate for 60 minutes resp. 90 minutes at 100°. 
The silver solutions thus obtained contain, therefore, the gelatine and 
its reaction products in the same furm as the silver nitrate solutions 
obtained from the blackened plates, hence they can serve for the 
construction of the curves of gauging. 

Fig. 4 gives two of the curves of gauging used; the area of 
flaking in cm” has been plotted as ordinate against the number of 
mg. AgNO, in 14 cm? of solution as abseissa; / servesin the.deter- 
mination of the quantity of silver in plates of 15 em’, // in those 
of 65 cm?. As was to be expected, / lies higher than // on account 
of the smaller influence of the gelatine. That with zero silver a 
small value is still found for the area of flaking (ef. fig. 4 pieces 
AB 8 times enlarged), is a consequence of the turbidity through 
small particles of dust, which are raised by the stirring after the 
addition of the sodium chloride. The method has been used for 
silver solutions with a silver content of 0.5 x 103 t0 156 x 10-3 
grams per liter; the sensitiveness of te method to detect traces of 
silver extends, however, much further than 0.5 x 10-3 grams of Ag 
per liter. 


') The circumstances made it necessary for us to manufacture the dishes 
ourselves. In this we met with the difficulty that all the well-known acid-proof 
cementing substances were attacked by the acid after shorter or longer time. 
At last we found a suitable cementin bakelite. When the recipe of BERTRAND— 
GAUTHIER is applied, the influence of the gelatine can be quite eliminated, 
hence for 100°. The acid-concentration required for this, however, attacks 
also the bakelite in less than an hour. 

?) More prolonged heating — which would enable us to carry up the 
percentage higher — met with practical difhculties. 
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The mean error in the estimations of silver amounts to Die 
In the measurements attention should be paid to the following points. 
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1. It appears experimentally that the area of flaking becomes 
larger by ultra-violet rays. To obviate this coınplication a dish of 
quinine-bisulphate has been placed in the light-path towards the 
liquid to be measured. 

2. The area of flaking is greatiy dependent on the concentration 
of the acid. Therefore the same acid concentration has always 
been used. 

3. The area of flaking increases with the temperature. At 17° 
the area increases by 2,7 °/, per degree of temperature increase. 
Therefore the temperature of the liquid is always measured before 
and after the flaking, and all the observations have always been 
reduced to the same temperature. 

.4. In consequence of specks of dirt and premature flaking through 
the everywhere present sodium chloride, the liquid which is to be 
examined, will already exhibit a beginning turbidity. This error can 
become pretty great, especially with small concentrations. 

_ By means of suitable manipulations the extent of this effect can 
be registered separately for every tlaking. With only a few excep- 


tions we find tbat this error is always smaller than 5 °/,. In many 
56* 
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cases it is no more than 2 or 3°/, owing to the many precautions 
taken in the treatment of the plates. One of these is that allthe 
plates after having been fixed and rinsed for a long time, are once 
more rinsed with distilled water for 10 or 12 hours, before they 
are dissolved in nitrie acid. 

The extent of this error is then so perfectly accidental, both for 
the gauging liquids and for the liquids under examination, that we 
have not taken it into account. ') 


$ 3. Measurements of the Oross Section of the Silver Grains 
in the Photographie Plate. 


The way in which the silver of the photographie plate acts on 
the light, and the blackening observed in consequence of this, depends, 
as is immediately seen, to a great extent on the way in which the 
silver is distributed. The dimensions of the silver grains with respect 
to the wave-length of the light used in the measurement of the 
blackening, is of the greatest importance, If it is, therefore, required 
to obtain results which are liable to theoretie discussion, it is 
necessary to investigate, besides the blackening and the total-quantity 
of silver, also the distribution of the silver. In this we have con- 
fined ourselves to the determination of the mean size of the silver 
grains — for so far as this is possible — in the plates of which 
the. blackening and the total. silver content was investigated before. 

The measurement takes place with a Zeiss-mieroscope with oil- 
emersion of numerical aperture of 1.30, combined with an ocular 
N’. 12. An ocular micrometer is gauged with a Zeiss-objeet glass 
mierometer. Thus it appears that a scalar division of the ocular 
mierometer corresponds to 1.0u. 

The value of the cross-section of the grain is the mean u 40 
observations. ?) 

With.the smallest blackenings of the ‚plates developed with hydırro- 
quinone N’. 1, 2, and 3 the grain cannot be measured, it being so 
small, that nothing is to be seen in the microscope but a faint 
greyish tint. In plate 4 the grain has been measured, but it is 
already very diffuse. Of the plates 5, 6, and 7 the size of the grain 
can very well be measured. For plate 8 — 0.49 u was found for 
the cross-seetion — the result was more or less uncertain on account 


!) The quantity of silver of the collargol used has also been determined. 
?) Of these 40 observations 20 were always by Dr. H. C. BuRrGER and 20 


by br The mean a nn the two series of observations mtl 
to /0. 


when 
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‚of. the great blackening. For this reason we have repeated the 


measurements, after the grains of the plates have been mechanically 
pressed out into thinner layers. After this operation we find 0.484 
for the cross section of the grain. It seems therefore that the pressing 


‚ out ‘does not change the cross-section in the plates developed with 


hydroquinone. 
‚The size of the grain of the strongly blackened plates 9 and 10 
has been determined in the same way. 


ie 


O = zwarting voor ultrarcoal 


© = m.g.Ag per 00cm? 


Fig. 5. 

“Fig. 5 gives the measured cross-sections of the grain of the plates 
4--10 plotted against the quantity of silver found in $ 2 in mg. 
per 100 cm?, and against the blackening measured in $1 for ultra- 
red. The lefthand vertical line is the.axis of ordinates for the quan- 
tity of silver, the righthand vertical line that for the blackening, 

When of the plates N’. 3 and 2 the quantity of mg. of silver 
per 100 cm.” and the blackening of ultra-red are derived from table 
1 (see the end of this paper), and the values A and .B averaged, 
two values of the size of the grain are found of every plate by 
substitution in the eurves of fig. 5, which must both pass through 
the origin, and have therefore been continued to the origin. 

The mean of this is 0.05 u for plate 3 and 0.03 u for plate 2. 
As these quantities have been obtained by interpolation, they are 


printed in italies in table 1. 
For the theory and the understanding of the action of the 
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blackened photographie plate on radiation of given wave-length especi- 
ally investigations on plates with small and increasing size of the 
grains will be the most interesting. It is in order to get those plates 
with small, inereasing grains that we have chosen the plates and 
the developer used. It is seen from fig. 5 that this purpose has been 


perfectly attained. 
In fig. 6 the whole observing mate- 


vial is brought in connection. As inde- 
D,groen pendent variable the cross-section of 
the grain has been chosen, as ordinate 
the ratio of the resp. blackening and 
O udrarood the quantity of silver in mg. per 100 
cm.’ of plate. 

As the grain of plates 3 and 2 has 


040 


DO yea 


been found by interpolation, — these 
030 points are indicated on fig. 6 by a 
vertical line over the circle — and as 


we accordingly do not know in how 
far this eross-section of the grain is 
accurate, the curves have only been 
continued up to the points obtained 
from the observations of plate 4. 

In the plates 10—4 the mean of the 
values A and B has always been taken 
for fig. 6. 

It is self-evident that with equal 
size and nature of the grains the 
blackening must be proportional to the 
quantity of silver per cm’. SHEPPARD 

064 05 06 and Mers'), HurTER and DRIiFFIELD °’), 

Fig. 6. Ever?) found this result; in our expe- 

riments this appears not to be the case. This contradietion must 
find its explanation in the fact that the said investigators had equal 


grains in the different blackenings, whereas this was not the case 
with us. - 


025 


020 


015 


It appears clearly that really — depends in a high degree on the 


size of the grain, as was derived by Nourring *) 


') Zeitschr. f. Wiss. Phot. Bd. 3 1905, p. 282289. 
’) Jahrbuch f. Photographie und Reproduktionstechnik 1899, p. 219. 


3) Beitrage zur Photochemie und Spectralanalyse Eder und ValentaIl,p.57—5; 
D.57 58! 
*) Phil. Mag. 1913, Vol 26 p. 425. 1 : 
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The measurements of the grain of the plates developed with 
glyen show that the grain is pretty well constant, and oscillates 
within the errors of measurement round a value of 0.96 u with a 
blackening of 1.3 to 0.15 (measured for green); for sligbter blacken- 
ings the value descends to 0:9 u. 

No measurements have been possible for greater blackenings, 
because the grain itself seems to be broken up into smaller pieces, 
when the layer of gelatine is pressed out. 

In table II ') is found the ratio of blackening and silver content 
for the three colours used. It is seen that this ratio decreases with 
the blackening. 


SUMMARY. 


1. A. method has been given to measure blackenings of photo- 
grapbic plates up to a blackening of 0.001 for different wave-lengtlis 
with an accuracy of 0.7°/, for the blackenings of from 2.0 to 0.1,: 
and of 3.3°/, for the blackenings of from 0.1 to 0.001. 

2. It is found that the blackening of the blackened photographie 
plate depends in a very great degree on the colour of the radiated 
light; hence when used as reducer the plate must first be gauged 
for the different colours. 

3. Morn’s extinetion meter has been applied to the silver analysis 
of the photographie plate. The method has been used from 0.5 x 103 
to 156 X 10-3 grams of silver per Liter. The accuracy amounts to 
3°/, on an average. 

4. The mean cross-sections of the grains of the examined plates 
have been determined. As the ratio of blackening and silver content 
present per unit of area in the photographic plate must be constant 
for grains of Ihe same size and nature, the curves of this ratio and 
of not constant grain have been plotted. 

Besides this ratio has been determined for plates with grains of 
constant ceross-section of the grains. 

With great pleasure we acknowledge here our indebteduedk to 
Prof. L. S. Ornstein, Dr. W. J. H. Morı, and Dr. H. ©. Burger 
for the great encouragement and assistance they gave us in the 
execution of these researches. 


I) The observations for collargol have been put together at the end of 
Table II. 


TABLE I. (Hydroquinone). 


LE 


- Cross- |- Ratio of the Ratio of the | .Ratio of.the 
Number of | section of blackening for blackening fr | blackening for, 
the plate. | the grain | ultra-red and m.g. yellow.and m.g. ı green and u 
in «. Ag per 100c.m.2. | Ag. per 100 c.m 2. | Ag per 100 c.m.2. 
Fri ı 2.424 2.060 _ 2.215. _ 9'468 
10 A Beten 0.156 ee 
Be 2.482 2.144 2.381 
pressed out, 2.482 _ rn : = 0.168 
10 B NUR een 0.175 TECH 0.152 14.15 
1.187 1.483 1.636 
ES BANN, = 0.170 
Ya Gt AST SG a ee 
0.56 | 
9B pressed out 1.726 1.483 | 1.602 1) 
11.398 ER EN PAR 1522085 
8A En EL Er 
oe 1.191 1.282 
1 ee Ede ESSEN 
ee 32 a ER 
0.908 IR 0.869 
N a IT 0180 175 0.202 
uar 0.943 0.781 0.880 
| 0.559 0.491 0.547 
A| 03 a0. IS = 0.218 
ee 0.554 0.492 'o 
| : ‚554 0.492 .656 
Bo Au an 217 = 0.227 47 = 0.256 
| 0.301. 1 0.307 _ 0.356 | 
5A 7m 1a 7 =. | = 0.206 
0.28 . 
| 0.332 0.278 ' 0.323 
a0 IM: >98 
6, 0.128 0.148 0.188 
4A RAT Me me ER 
„0 0.241 Ga 0.219 In = 0-34 
0.126 0.143 aan 
4B se en BT 
: 0.065 = Ga = 038 ar > 0.394 
0.0208 0.0485 0.0703 
3A , —— z=.(, En = ur 
os 8 910 Ira a U 
| 0.0248 0.0547 - 
3.87 ‚0.0248 _ ‚0547 __ 0.0745 
0 0 N = 00 
0.0159 0.0277 'o are 
2A ano =. 0.108 ee 
er 0,0894... 10.0894 = 9.0205 0.0824 0.442 
0.0182 0.0307 
2B LTE al 0.0390 _ | 
0.0980 0.0080 — 0.313 Ton = 0.398 


') The estimation of silver failed. 


Number of | Blackening |Blackening for 
the plate. for ultra-red. | visible spectr. 


1x 0.0013 
1.8 0.0042 
ze 0,0111 
1.0 0.0204 ] 


0.0110 
0.0206 
0.0361. 
0.0542 


TABLE II. (Glycin). 


TABLE I /Continuation). 


Blackening | Blackening ee for 
for N for green. en 
0.0088 | 0.0129 | 0.0025 
0.0158 | 0.0206 0.00665 
| 0.0267 0.0367 0.0130 . 
|... 0.0427 0.0567 0.0238 


ae 
e ım.g. Ag per 100 c.m.?.m.g. Ag per 100 c.m.?. Ag per 100 c.m.?. 
| = 
ee oo — 0.181 ae san 82 
19 B RE, = 0.163 a — 0.153 a = 0.162 
18 A = 0.184 neu os | 15° = 0.168 
u om | Pe 
IT A 6 = 0.142 = 0.122 ee outer 
WE een RL: Dry BREI DEEN 
16 A = 0 | 0.107 mg 
16 B 0.874 IE%, 0,350 0.767 1) 
15. a =9.100.5 en — 0.085 a — 0.084 
15B u — 0.114 — 0.099 er — 0.097 
14 a = 0.124 = 0.118 ss — 0.109 
13 0.15 | an = 0.089 
| DER 
1 a = 0.09 | 00 = 0.087 a 2008 
otlatgal: = 0.0015 — — 0.081 0 = 0.110, 


}) The estimation of silver 


Utrecht, Aug. 1920. 


failed. 


Institute for Theoretical Physics. 


Astronomy. — “On the possibility of statistical equilibrium of the 
universe”. By Prof. W. DE SITTEr. 


(Communicated at the meeting of Nov. 27, 1920). 


Einstein has on several occasions expressed the opinion that the 
existence of a finite amount of matter in the universe must neces- 
sarily lead to the adoption of a finite three-dimensional space. In 
his inaugural address at Leiden ') he says: 

«Wir können aber auf Grund der relativistischen Gravitations- 
“gleichungen behaupten, dass eine Abweichung vom euklidischen 
«Verhalten .bei Räumen von kosmischer Grössenordnung dann vor- 
“handen sein muss, wenn eine noch so kleine positive mittlere 
“Dichte der Materie in der Welt existiert. In diesem Falle muss die 
“Welt notwendig räumlich geschlossen und von endlicher Grösse 
“gein, wobei ihre Grösse durch den Wert jener mittleren Dichte 
“bestimmt wird.” 

It appears to me that this statement cannot be accepted unreser- 
vedly. The gravitational field-equations are: 

ne Se a 4 ee 

If we suppose all matter to be at rest and free from any strain 

or internal forces, then the tensor 7,, has the value 
T 490, all other Ts DE 

o being the density in natural measure. We can pute = +9, 
where the average value of g, is zero; o, is then the average den- 
sity. If we neglect 9, the equations (1) are satisfied by the g,, 
implied by the line-element: 


ds’ = — dr? — R? sin! — [dp Fan’ wdO’) + dt, . . (84) 


if we take 


2 
*Q, m 


or by those of the line-element : 


1 
Ka (EINSTEM) z. „2 Ser) 


Heer 2 2 3 y 3 | 2 7 
ds’ = — dr? — R? sin ziaw + sin’ wd6O?] + cos a . (3B) 


with 


!) Aether und Relativitätstheorie. Berlin, Julius Springer, 1920, p. 13. 


wi 


. 3 
0, er (DESS-TTER) 42, =.” (4B) 


For R=» both (A) and (B) degenerate into: 
de? = — dr’ — r? [dp? + sin pad] + ode, . . . (80) 
with ni 
06); AS U INEWFON) ER m Win (4C) 


It thus appears that Eınstein’s solution (A), in which three-dimen- 
sional space is finite and closed, is the only one which admits of 
a finite average density g,. But this is only true, if the tensor 7',, 
has the value (2), i.e. if the matter is at rest and in equilibrium. 
If the matter is either in motion, or subjected to stresses or pres- 
sures, the value (2) cannot be used; the equations (3) and (4) no 
longer represent the exact solution, and we can have finite values 
of e, also in the systems (B) and (C) '). Eınstkin’s assertion can 
thus only be maintained if we make the additional hypothesis that 
for the whole universe, or for regions of very large, or “cosmical”, 
size, we can still use the value (2) of the tensor T7',,, i.e. if for 
such regions we assume the matter to be in statistical equilibrium. 

Tbis result can also be expressed thus: If the system (A) is the 
true one, .then it is possible for the universe, or for large portions 


oft, to be in statistical equilibrium. If either (B) or (C) is the true 


system, then this is not possible. Now the possibility of statistical 
equilibrium of large portions of the universe is, to my mind at least, 
by no means self-evident, or even probable. The idea of evolution 
in a determined sense appears to me to be rather opposed to the 
actual existence, if not to the possibility, of equilibrium. 

The systems (A) and (2), involving the introduction of the constant 
}, originated from the wish to make the three-dimensional world 
finite?). At the present time the choice between the systems (A), 


I) Similarly in the system (A) the value of >, differs from that given by (4A). 
See also: pe Sırrer, On Einstein’s theory of gravitation and its astronomical 
consequences, Monthly Notices oftheR. A. S. Vol. LXXVII, pp. 6—7, 18 and 20—23. 

2) If we assume the three.dimensional line-element to be 


do! — dr’ + R’ sin’ lau Be a3 2 eh) 


and gis=0, then no other solutions than (A) and (B) exist. Of the two possible 
three-dimensional spaces of constant curvature having the line-element (5) we must 
choose the so called elliptical space. The analogy with two-dimensional geometry 


„ suggests /the spherical space, but this analogy is misleading. The elliptical space 


is really the one of which our ordinary euclidian geometry is the limiting case 
for R=%. In our common geometry a plane has a line (and not a point) at 
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(B) and (C') is purely a matter of taste. There is no physical crite- 
rion as yet available to deeide between them. It is true that the 
systems (B) and (C) do not satisfy Macn’s postulate that inertia 
must be traceable to a material source. But this postulate is a purely 
metaphysical one, and has no physical foundation whatever. It 
appears to me to be the last remnant of the desire for a purely 
mechanical interpretation of nature, which logieally and historically 
is based on the belief in forces at a distance, and the impossibility 
of which has been so elearly demonstrated by Einstein in his Leiden 
address. 

The three systems differ however in their physical consequences 
at large distances, and an experimental discrimination between. them 
may be possible in the future. The decision between. (B) on the one, 
and (A) and (C') on the other hand may be brought about by the 
study of systematie radial motions of spiral nebulae '). The distinetion 
between (4) and (C) is more diffieult, since they both have 
941, and differ only in the gi; with i and 7 different from 4, 
the values of which at great distances it is not so easy to ascertain. 
The deeision between these two systems must, I fear, for a long 
time be left to personal predilection. 


infinity; two straight lines have only one (and not two) point of intersection, 
which may be situaled at infinity; if we go to infinity along one branch of a 
hyperbola, we return along the other branch on the other (and not on the same) 
side of the asymptote. All these are properties of the elliptical as contrasted with 
the spherical space. The spherical is only a quite unnecessary reduplication 
of the elliptical one. 

I) See DE SITTER, 1. c. pp. 37—28. At that Hole (1917) the radial velocities of 
only three spirals were known, of which one was negative; the mean being 
+ 600 km/sec. Now the radial velocities of 25 spirals are known (see Mount 
Wilson Publications, Nr. 161, p. 19) of which only three are negative, the mean 
being + 560 km/sec (or + 677 km/sec. if {he four brightest are omilted). The 
system (B) requires a (spurious) positive radial velocity for distant objects. 
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Physics. — “The Mechanism of the Automatic Current Interrupter”. 
By Prof. J. K. A. WuRrTHEIM SALOMONSON. 


(Communicated at the meeting of November 27, 1920). 


- The mechanism, of the automatic current interrupter as represented 
by HrLmHoLTz’s tuningfork interrupter, by NEEFF-W acner’s hammer- 
break, and by the ordinary electric bell, has not yet been explained 
in an entirely satisfactory way. Lord RayLeiGn was the first to give 
an explanation, without, however, entering into details. Later. on 
its mechanism was studied by Lıppmann, Dvorak, Gumner, Bovassk 
and others althougı no new points of view were opened. In this 
paper I intend to submit a few considerations on this subjeet, prin- 
eipally based on a research into the attraction by the electromagnet 
on the armature during the working of the apparatus. As an indi- 
cator for the attraction I used the number of lines of force passing 
through the armature at each moınent. These were measured by an 
oseillographie method. This might have been done by the new 
ABRAHAM-rheograph, but-as I. did- not. possess this instrument |] 
employed Drevisnr’s method, described in the Physikalische Zeit- 
schrift 1910, p. 513. The results of this method were compared 


with those obtained by a new method, which I shall describe in 


an appendix to this paper. 

The interrupter used in my experiments has a horizontal horse- 
shoe magnet. The cores turned from a solid bar of swedish iron 
completely bored and slit lengthways, have a length of 5 cm and 
a diameter of 1 em. They are screwed at a distance of 3.2 cm 
from each other into a yoke of 1.4 cm? transverse section, and are 
each wound with 200 turns of well insulated copper wire of 1.2 ohm 
resistance each. The armature measured 1.2 X 0.75 x 4.4 cm. It is 
screwed to a strong steel spring of 0.12 x 1.0 cm. with a free 
length of 1.3 cm. Into the other end of the armature a brass bar 
0.4 em. in diameter and 5 cm. in length was fixed, on which, if 
desired, a small copper weight could be screwed. It was generally 
used without weight and then made about 47 complete vibrations 
per second, the platinum contact being so adjusted as to make and 
break the eurrent during one half of the periodie time. The arma- 
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ture was wound in its middle part with 40 turns of copper wire, the 
ends of which were connected by means of two large spiral wind- 
ings with a pair of fixed terminals, in such a way as not to 
hamper its vibrations. If tbe interrupter is connected into a eircuit 
with- an inductionless ballastresistancee of abont 1 Ohm and with 
two aceumulator cells, the vibrations have an amplitude such as to 
render the distance of the armature from the cores taken together, 
variable from 2 millimeters to 7.6 millimeters. Without current the 
sum of the airgaps has a length of 4.8 millimeter. The selfinduc- 
tion of the electromagnet, which of course is not constant, has 
during the passage of the current a mean value of about 9.3 
millihenry. 

Whilst the interrupter was in action, oscillograms were taken of 
the current through the electromagnet and at the same time the 
magnetic density in the armature was oseillographically recorded. 
For the current a high frequency DuppeLL oseillograph of the Cam- 
bridge Instrument Öy was used, whilst the magnetic density was 
recorded with a SıEMmEns and HauskE oscillograph, or with a striug 
galvanometer. On the oscillographie records time marks of 0.01 
second were inscribed. For the stringgalvanometer records 0.001 second 
marks were used. 
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In this way curves, as given in fig. 1, were obtained (2 times 
enlargement of {he original negative) 
with the oscillograph, or as in fig. 7 
with the stringgalvanometer. 

We can divide one complete period 
of the interrupter into 4 nearly equal 
parts. The two first quarter periods 
represent the time during which the 
eireuit is closed, the two last ones 
the break period. During the 2nd and 
3'd quarter period the armature mo- 
ves towards the cores; during the 
1°: and 4th quarter period in an 
opposite direction. We know that 
the number of lines of force passing 
through the armature determines the 
force with which it is attracted by 
the electromagnet. We may even 
say that this attraction is very nearly 
proportional to the square of that 
number of lines of force. 

Our curves show that the attraction during the second quarter 
period is very much greater than during the first. This fact was 
pointed out by Lord Rayreisn and has practically formed the basis 
of all later communications on this subjeet. But at the same time 
we see that during the 3'd quarter period, te current being broken, 
a strong attractive force still exists, which is notably stronger than 
the attraction which during the 4!" quarter period works against the 
movement of the arınature. Even when the interrupter works under 
very different conditions as to frequency, eurrent-strength etc. this 
fact remains unchanged. We may say that the attraction during any 
part of the movement of the armature towards the pole pieces, 
greatly exceeds the attractive force in any point during ils course 
away from the electromagnet. Uonsequently there is no need for 
any retarding device for making the current with respect to {he 
movement of the armature — as suggested by Lord Rayukisn — in 
order to improve the working of the interrupter. Probably such a 
device would not only be inconvenient, but would hamper the 
working of the apparatus. 

Can we explain the curve for the attraction? For the ascending 
part tbis is certainly possible. We can even caleulate it approximately. 
We first suppose the selfinduction to be constant during the make 


Fig. 2. 
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period. Applying the wellknown formula of HELMHOLTZ: 
R 
at 


= (1--e L ) 


we-compute the current strength in the magnet at every moment. 
The current strength being known we try to calculate the number 
of lines of force through the armature, assuming it to be proportional 
to the eurrent strength and inversely proportional to the length of 
the airgap. We may do this as, practically, the total reluctance in 
the magnetic eircuit is to be looked for in the airgaps. With small 
magnetizing forces the permeability of the iron is so great that this 
assumption is permittable. As an example we may take the moment 
just -before the breaking of the current. Using Hr1LmHoLTz’s formula 
and supplying the real value of the constants, we find /=1.13 
ampere, whilst from the oseillographie record we find /=1.17 
ampere.. This makes the magnetising force: 0.4 X 400 X 1.17 = 
590. As the airgap has a length of 0.48 cm we get 590 x 0.48 — 
1225 lines of-forece through 1 cm? air-section. These lines start from 
the. pole. pieces, which have a surface of 0.7 cm’; hence we find 
for. the ‚magnetic density in the iron not more than 1750 lines per 
cm?. This means that we may expect a permeability: a of the order 
of 3000. Taking u = 3000 we find that to force 1225 lines through 
16.4 cm of iron of a section of 0.7 em’, not quite 5 ampere turns 
are needed. Uonsequently we have an error of not-more than 1°/,, if 
we consider the airgap only and disregard the ironpath. 

In order to caleulate the number of lines during the make-period, 
we assume that the armature vibrates in such a way as to vary the 
length of the airgaps periodically, according to the expression 
a+bdsin?rnnt. Then we get as an approximate expression for the 
number. of lines of force: 


R 


| 0.4 (1m 2) 
Bi 


Y 1, 
a+bsin?2 nt ul NE a bi 


in which N is the number of turns of the magnetising coils, Zthe 
voltage of the galvanic battery, R the resistance of the eireuit, Z 
the mean selfinduction, n the frequency of the interruptions, «a the 
mean length of the air-path, and 5 half the amplitude of the armature, 
If we put in this formula the value already given for each of the 
constants, we get as a result the curves in fig. 3, where I represents 
the current strength, II the length of the airgap and III the number 
of .lines of force during the make period. If this, last curve be 


! 


’ 


ee ee 
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compared with the aseending part in the oseillographie record, we 
see that they correspond fairly well. Tbe constructed eurve shows 


/ 


Fig. 3. 


a somewhat more rapid ascent in its first part, and also some difference 
in the last part. But this can readily be explained. If we had caleu- 
lated the current strength, taking into account that the selfinduction 
was greater at the beginning and at the end of the make period 
and smaller in the middle, the curves might have agreed better 
numerically:: theoretically this point is of little or no interest. 

The descending part of the curve, which embraces the two last 
quarter periods, represents the magnetie attraction during the break 
period. A quantitative explanation is as yet not possible, though 
qualitatively there seems to be no difliculty. We know that the less 
reluetance there is in the magnetic circuit, the longer will an electro- 
magnet keep its magnetism after breaking the current. Immediately 
after breaking the current the air-path is rather large and conse- 
quently the reluetance is great and the magnetism disappears rapidly. 
As the armature approaches the core, the magnetic circuit improves 
and the magnetism disappears more slowly. The slope of the curve 
is indeed least at the end of the 3’d quarter period. From then to 
the end of the.4t quarter period the reluctance grows and the 
descent: becomes more rapid again, becoming nearly as fast as in the 
commencement of the 3'4 quarter period, though not quite, as at that 
moment the direet action of the magnetomotive force is taken away. 

57 
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New method for making oscillographic records of the number 


of lines of force. 


If we desire to make an oseillographie record of the number of 
lines of force in an iron path or an airgap, a few insulated copper- 
windings are laid round the iron or a small coil is placed in the 
air gap. When the number of tlıe lines of forces B varies, an 

zuen daD a 
electromotive force. er is generated. The terminals of the coil 
( 
are connected with a condenser of a capacity (. This takes up a 
charge g= VC and through the coil and the connecting wires with 
a total resistance r we have a current ?. 
Now we can state: 


ERBEN NE en 
en >). ni SE > 
Pa 0, > 
After substitution we get: 
En RE 
Ze 
Le 
and putting 2 uch 
aB am u 
dt Page (2) 


which gives after integration: 


A 
BZAV +; [Va + Kon. ie TE 
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If we may disregard the expression - V with respect to = 
” 


dt 
the electromotive force V is proportional to the magnetic induction. 
Generally it will be impossible to measure V with an oseillographie 
elecetrostatie instrument. But we can use a galvanometric oscillograph 
at the terminals of C. We’ shall then get the connections shown in 
fig. 5 and the differential equations become: 


dq dB 

a en , , { k —— } Ge ) . . | Posi‘ 

En +:, and - mi. ellt, (4) 
We eliminate 2, and get 
dB zo dV 1 1 v 5 
dt en ie A = > 
in which Me After ‘integration this becomes: 

B=AV+A 3 i V dt + Konst 6 
— + Gt! +Kons.. . .. (6 


We find a linear expression connecting B and V if the integral 
in (6) need not be considered. This is allowed if both RC and rC 
are very large and if also the frequency per second is high enough. 

With a periodie change of B, which 
might be represented by a FouriEr 
series, the value for the integral during 

one period =0. We have only to 
examine its value during one period. 

9 | With a frequency of 50 per second 
Fig. 6. and time constants CR and Cr of 

0.2 second each we get for a potential curve as represented by the 
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broken-line ceurve in fig. 6 the correetion indicated by the full-Jine 
curve. At the starting point and the end the correction is zero. At 
the highest point with an ordinate a we get a correction: 
a(5-+5):2xX20='.,.a or 25°, 
of the maximum ordinate. 

In ıny experiments I used a condenser of 2 mikrofarad, R andr 
being 10° Ohm each. The oscillographie record was made with a 
stringgalvanometer. Fig. 7 gives an example of the curves obtained 
in this way. | 


Zoology. — “The wing-design of mimetic butterflies’. By Prof. J. 
F. van BEMMELEN. 


(Communicated at the meeting of Nov. 27, 1920). 


In a paper: On the pbylogenetie significance of the wing-markings 
of Rhopalocera, read before the meeting of the second International 
Entomological Congress at Oxford in 1912, I made the casual remark 
that “while inspecting the series of butterflies in search for speci- 
mens showing the primitive colour-pattern, I was greatly impressed 
by the considerable percentage of mimetic forms among my harvest. 
So the idea occurred to me that perhaps Mimetism might, at least 
to a certain degree and for a limited number of cases, be explained 
by supposing the resemblance between two or more non-related 
forms to have started at an early period, when the ancestral types 
of different butterfly-families looked more like each other than 
nowadays, on account of the primitive colour-pattern common to 
them all”. 

Since those days I have tried to clear and widen my ideas about 
the real character of tle primitive colour-pattern, especially by a 
detailed analysis of the wing-design in original forms such as the 
Hepialids, and by its comparison to the pattern of the body. These 
investigations have led me to a modified conception of primitiveness 
in pattern: the occurrence of sets of uniform spots, regularly arran- 
ged in rows between the wing-veins, and spread over the entire 
wing-surface, appearing to me as a still more original condition 
than the concentration of the markings in the shape of a stripe 
along the middle-line of the internervural cells. But this does not 
in the least weaken ıny convietion, that this latter arrangement has 
retained a considerable amount of primitiveness also, and that its 
origin lies far beyond the beginnings.of genera, families, nay ofthe 
whole order of Lepidoptera. 

Since then the Groningen Zoological Laboratory has acquired the 
magnificent collection of Lepidoptera left by the lamented Max 
FÜRBRINGER in Heidelberg. Thereby I was enabled to study actual 
specimens of mimetic butterflies in nature and this made me wish 
to return to the question of Mimetism in general, but then 
considered exelusively from a purely morphological standpoint. I desire 
therefore to avoid carefully the biological side of the question, 
though 1 may be allowed to express my conviction that Ihe often 
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striking superficial similarity between forms belonging to widely 
different groups, can hardly fail to provide certain advantages in 
the struggle for existence either to one or to both of them, or at least 
must have done so in former periods of their oceurrence on earth. 

I shall henceforth restriet myself to a careful comparative analysis 
of the colour-paltern. But before entering on this task, IT wish to 
vemark that the phenomenon of mimetic resemblance can never be 
ascribed to the influence of:a general law, and consequently the 
different cases of Mimiery must be judged separately, quiteindependently 
of each other. That e.g. a Sesia resembles a wasp, cannot possibly 
stand in any genetie connection to the mimetic similarity between 
a Dismorphia and an Ithomiid or a Heliconid, or between a set of 
species of the latter families amongst each other. Nor can this 
oceurrence of wasp-like Sphingids stand in any relation to the existence 
of-other members of that same group, which seem to have assumed 
the habitus of humble-bees. 

Mimetie resemblances consequently must be considered as of casual 
origin, and the considerable number of conditions, which had to be 
fulfilled before a real case of Mimiery could enter into existence, 
make us readily understand the relative rareness of the phenomenon, 
and its apparently caprieious distribution over the animal kingdom 
(as ReseL has so judieiously pointed out). 

Though, as mentioned before, I am inelined to acknowledge the 
high probability, that in many cases the elose superficial and simulating 
resemblance existing between mimie and model is extremely’ useful 
either to the mimie only or to all the members of the mimetie set, 
I am also convinced that no impartial judgment can possibly be 
formed withoüt carefully abstaining from all eonsiderations about this 
hypothetical and problematie usefulness, and exclusively regarding 
the mimetic forms from a purely morphological standpoint, that is 
to say investigating them according to the very same prineiples and 
rules that have proved useful for the understanding of the colour- 
pattern of insects in general, and the laws that we could deduce 
from this study. To this conclusion we are logically led by the 
observation, that mimetie patterns do not differ in any special feature 
from colour-designs in general, but on the contrary agree with the 
non-mimetic patterns, at least when these are embraced in a general 
view. Solely when we compare the mimetic forms with their nearest 
allies: the non-mimetic members of the same genera, do we meet 
with certain cases where they seem to depart widely from the 
common generie type, though even this by no means can be called 
the general rule. By the adherents of the Mimicry-hypothesis this 
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apparent diversion from the original pattern is attributed to the 
influence of natural selection, leading gradually to a perfect though 
wholly superfieial and spurious similarity with the model. 

In order to be able to accept this hypothesis, it is obvious 
that we are obliged first to..prove the assumed deviation from the 
primitive common type of the genus or family. We ougbt to abstain 
from accepting it & priori as a fixed truth, but should try to recon- 
struct the original common genus- or family-type of colour- 
design by a perfectly impartial comparative investigation of all the 
existing members of the group, mimetic as well as non-mimetie, 
Judging them exclusively after the features of their markings, without 
the least regard to any biological profit these markings might possibly 
procure them. 

The value of these considerations can best be appreciated by their 
application to a few concrete examples. 

In the famous paper of Batzs on the resemblance between members 
of the Pierid genus Dismorphia (Leptalis) and certain South-American 
Ithomiids and Heliconids, the author figures a perfectly white species 
of the said genus, side by side with the mimetie forms, and expressly 
states that this represents the original type of that family. It neces- 
sarily follows that he considers the mimetics as widely deviated 
from this type. Punsert, in the chapter on “Mimiery Batesian and 
Müllerian’”’ of his valuable critical review “Mimicry in Butterflies’’, 
expressiy puts forward that this is the current view among the 
supporters of the mimiery-theory, where he says: “We come back 
to our Pierine, which must be assumed to show the general charac- 
ters and coloration of the family of whites to which they belong”’..... 
and “If however they could exchange their normal dress for one 
resembling that of the Ithomiines’”’. (The italics are mine). 

. Doubtless Barzs did not for a moment presume that the case 
‚ might as well be exactly the reverse: the mimetics representing the 
more original, least altered forms, while the whites, under the pre- 
vailing influence of albinism, have considerably departed from the 
primitive condition. 

To make a choice between these two opposite views, we mustin 
the first place undertake a careful and complete investigation of the 
various colour-patterns of all the members of the genus Dismorphia 
and different other genera of Pierids, and after that come to a clear 
understanding about the real nature of the differences between the 
mimetic and non-mimetie forms. 

These differences can be summarized under three heads: those of 
pattern, of Iıue and of shape. 
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Beginning with the first, we may start with the assertion, that a 
really objective analysis of colour-patterns necessarily involves the 
exact consideration of the whole complex of markings in all its 
details. So we must as well pay attention to the underside as to 
the upper surface, and attribute the same importance to those features, 
in which the mimies differ from their models as to those in which 
they agree with them. Viewed from this standpoint (which up till 
now has very rarely been observed), we easily come to the con- 
elusion, that all the elements, which enter in the composition of the 
pattern of mimetic forms, can be traced back to those of their non- 
mimetic congeners, and therefore may be counted among the cha- 
racteristie features of the genus (or family) to which the mimies 
belong. 

The same remark holds good for the particular hues the mimics 
display, and even for the apparently aberrant shapes they sometimes 
assume. When e. g. the mimetic Dismorphia’s differ from the 
majority of the species belonging to the genus by the greater 
length. and the more slender contour of their wings and body, 
the question if such a form of butterfly might really be regarded 
as aberrant, has carefully to be. considered, instead of being 
accepted as solved. That it deviates from the “common” type, 
is obvious, but since when has mere commonness been regarded 
as a proof of primitivity? Do the Monotremes represent a widely 
aberrant and deeply modified type of Mammals, merely because 
they are (at present) restrieted to two families? The broad square 
shape of the majority of Rhopalocera, with their rounded hind- and 
triangular forewings, including a short body, may far more probably 
be itself a modification of the narrow-winged form with slender 
body, such as we find in so many Sphingids and Heterocera, espeei- 
ally in an eminently primitive family as the Hepialids. Even among 
Rhopalocera themselves this latter habitus is no rare exception, for 
we find it prevailing in several families, e.g. the Ithomiids and 
Heliconids. So in matter of shape the resemblance between these 
“models” and their Dismorphian mimies can safely be attributed to 
their both having remained faithful to the more ancient form of 
Lepidopterous inseets. Its antiquity may even reach far over the 
limits of this order, for the same contours prevail among many 
other, less specialised groups of insects, e.g. Odonata, Neuroptera or 
Trichoptera. Coming once more to the question of colours, it is 
easily conceivable that white need not at all be regarded as the most 
primitive hue in the Pierid family, several other colours: red, yellow, 
brown, black, oceurring just as frequently, especially on the under- 
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side of the wings. Only its prevailing tendency to spread over large 
parts of the wing-surface and obliterate the original pattern by 
albinistice discoloration, gives to the white hue such a prominent 
place in the colour-scale of this family. But the same role is played 
by all the remaining shades in different cases. In this regard it 
deserves our attention that Dixey, the eminent Pierid-specialist, in 
his paper on the phylogeny of their eolour-pattern, does not start 
from a uniformly white groundform, but from a dark-hued regularly 
spotted type as Eucheira socialis. 

Out of the numerous instances of Mimiery the astonishing case of 

Papilio dardanus “with his harem of different consorts, all tailless, 
all unlike (the male) himself, and often: wonderfully similar to 
unpalatable forms found in the same localities”’ (PunnETT), seems to 
to me especially fit to test the validity of my views. As Punnerr 
states: “From (a) long series of facts it is concluded that the male 
of P. dardanus represents the original form of both sexes’”. 
- According to my standpoint the only “facts’ on which such a 
eoncelusion should be based, are features relating to the colour-pattern 
of the male and that of the different females, compared to each 
other and to those of their fellow Papilionids. But the above- 
mentioned “facts” are of an entirely different and wholly inadequate 
character, for they are connected with the mimetie resemblance of 
the females to Danaid models, and their apparent divergence from 
the bulk of Papilionids. 

An impartial scrutiny of the relation in pattern’ between the male 
form and the manyfold females should be undertaken entirely 
regardless of any such resemblances. When conseientiously remaining 
true to this principle, and exclusively applying the general rules for 
the consideration of the colour-pattern, we are forced to the conclusion, 
that the male form, instead of being the original, is by far the 
most-modified. 

The opposite opinion seems chiefly to have root in the unconscious 
susceptibility of the human mind to first impressions. We are so 
accustomed to associate the type of a Papilionid butterfly with the 
swallow-tail-image, that we involuntarily consider those members of 
the family, which by their tails, their characteristice markings at the 
inner angle of the hind-wings, their yellow and black hues, come 
nearest to this apparent ground-form, as the original representatives 
of the family. But when we cast a general look over the whole of 
it, we encounter numbers of species in which the tails are absent, 
either in both sexes or in one of them, and in the latter case it 
need not exclusively be the female sex, which lacks tails: P. memnon 
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for instance showing the opposite case. It should also be taken into 
account, that in elosely-related groups, e.g. the Ornithoptera, Antı- 
machus and Druryia, which for good reasons are considered highly 
primitive in many features, there is not the slightest indieation of 
tails. And as to the original groundform of Rhopalocera in general, 
this can scarcely be supposed to have carried such prominent 
appendages at its hind-wings. 

Though all males of P. dardanus, together withsome ofits (non- 
mimetic) female forms, can be considered as corresponding to only 
one type, this type undoubtedly is subject to very wide variation, and 
the trend of this variability lies in the direction of the pattern of the 
mimetic females. So we might consider those males which in the 
extension and the design of their markings come nearest to the 
females as the least-altered ones, and this view is found to coineide 
with the general assumption, that absence or restrietion of markings 
is a consequence of their obliteration by the transgression of hues 
from their original centre over neighbouring areas. 

In the male of P. dardanus it is the yellow shade which gets 
the supremacy, and more or less reduces the black markings to 
total extinetion. Consequently racial forms in which the black shows 
a grealer extension, like meriones, tibullus and triment, represent the 
less modified forms of the male type. Comparing these variations 
with the mimetic females, we see that they agree with them to a 
higher degree than tlıe more-uniformly yellow males, and that the 
special features in which this nearer agreement shows itself, are in 
fact precisely those details of pattern, wherein these females seem 
to deviate from the assumed specifie Dardanus-type, and to simulate 
their Danaid models. 

Let us consider e.g. the narrow black border along the front- 
margin of the forewing of the male butterfly and those female forms, 
which bear the masculine type. Some speeimens of the typical Dardanus 
show a rather imperceptible thiekening in the middle of this rim, 
proximad to the discoidal nervure. In tibullus this thickening is much 
more striking, in meriones and antinorü it can touch the back-limit 
of the discoidal cell, and in trimeni it stretehes as a black erossbar 
in an outward and backward direction up to the dark marginal 
area along the outer wingborder, thereby eutting up the yellow area 
Into an antero-external and a postero-internal part. E. Haasz: Unter- 
suchungen über die Mimiery auf Grundlage eines natürlichen Systems 
der Papilioniden (Bibl. Zool. III, 1893) in his Fig. 4 on page 13, 
numbers this bar as N’. IV + V. Comparison with the female forms 
cenea, acene, niavına, ruspinae, trophonius, trophonissa, hippocoon, 
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hippoecoonides, elearly proves that in all of them this same oblique 
dark crossbar is equally present, but that in its distal part, outside 
the discoidal cell, it becomes broadened by junetion with the nearest 
distal dark marking along the discoidal nervure (Haasr’s Terminal- 
band). In consequence of this-junetion the bar occupies the proximal 
part of four successive internervural cells (R,, M,,M,,M,: Haask’s 
VR1+2+3+4. 

By the occurrence of this crossbar the light-hued middle area of 
the forewing is divided into a smaller apical blotch and a larger 
more or less triangular field along the hinder (inner) margin, the 
latter passing without interruption into the light area which fills the 
proximal part of the hindwing. This division is one of the promi- 
nent features on which the similarity with Danaids depends. But 
it would be quite inadequate to ascribe the occurrence of this bar 
to secondary deviation from the original specific type under the 
influence of natural selection in connection with Protective Mimiery. 
For the same bar occurs in the females of a considerable number 
of nearly allied species, e.g. cynoria, homeyert, jacksoni, ucalegon, 
auriger, adamastor, agamedes, whose males, at least part of them, 
show an uninterrupted chain of light-hued internervural spots, 
which increase in size from before backward, and on the hindwing 
blend to the light middle-field. These spots are separated from 
each other by longitudinal dark striae, caused by the more or less 
pigmented wing-veins. The anterior light spot in the apical field 
of the forewing of P. dardanus is the first of the series, it occupies 
the interspace between the roots of nervus radialis 4 and 5 (radial 
fork) and we get the impression that this position has something 
to do with its more marked persistencee, by means of which it 
remains visible, when the other spots are effaced either by light or 
by dark colour-overspreading. Yet this apical spot also is not 
exempt from reduction or obliteration: in some specimens of all 
forms of dardanus, male as well as female, it may be reduced to 
a mere speck, or be wholly absent (comp. the figure of the tropho- 
nius-female on Punsert’s Pl. VII). 

Nor is the above-named dark cross-bar restricted to dardanus 
and its nearest relatives, it occurs as well in a number of other 
Papilionids, e.g. hesperus, pelodurus, and others. 

In numerous other cases the tendeney towards the formation of 
the cross-bar is equally present, but does not lead to such a con- 
spicuous partition between an anterior and a posterior light area. 
In epiphorbas e.g. the forewing is almost entirely black, with the 
exception of a hooked central green part. The foremost leg of this 
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hook is formed by the light blotch separating the terminal bar from 
the third discoidal one, the hindmost leg by three remnants of-the 
above-mentioned chain of light areas in the internervural cells. 

Traces of the bar can also be remarked in theorine, latreillanus, 
ausorü, phoreas, oribazus, charopus, which means, that a tendeney 
towards interruption of the chain of light blotches is manifest in 
numerous and very different members of tbe Papilionid tribe. Nor 
is this tendencey restrieted to the forms with tripartite wing-design, 
it oeeurs as well in richly spotted forms e.g. cyrnus, demodocus, rex, 
mimeticus, ridleyanus and even in regularly checked ones as antı- 
machus. In the majority of these last-named butterflies the tendency 
towards interruption of the light chain only shows itself in a reduc- 
tion of one or two members of this chain to specks, one in antı- 
machus and mimeticus, two in re. 

Applying the above considerations to other details of the pattern, 
we are always led to the same conelusion. Especially convineing is 
the careful analysis of the pattern on the underside of the different 
dardanus-forms, and its comparison with that of the upperside. It 
shows us, that the median dark striae in the internervural cells 
have much better maintained themselves on the underside, but that 
their remnants can be more or less retraced on the superior surface, 
especially on that of the hindwings. Consequently such a condition 
of tbis pattern, as is seen on both sides of the hindwings of the 
hippocoon- or trophonissa-forn, where tlıese striae are sharp and run 
without interruption through all the cells (thereby agreeing with 
zahnoxis and similar forms) ınay, as I said before, be considered as 
primitive. In regard to these striae two remarks may be offered. 
The first refers to the pattern of the upperside of tie male hindwing, 
on which the submarginal bar presents all degrees of variation, 
from a broad complete, uninterrupted belt to a few widely separated 
irregular black markings. In the latter cases the reduction has either 
led to the persistance of three blotches: an anterior (exterior), middle 
and posterior (internal) one, or has only left the two extremes. 
When the middle one is still present, this very often assumes the 
character of an internervural stria, and thereby betrays its allegiance 
to the markings on the underside. 

The second remark refers to the colour-pattern of a near relative 
of dardanus, viz. P. cynorta (alleged forms included, as norcyta, 
Jackson Fullehorni, echerioides, cypraeofila ete.). Here also a similar 
striking difference exists between male and female, though the latter 
oeeurs only in a single form, which shows a mimetie resemblance 
to Planema epxea. The similarity chiefly depends on the presence 
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of the before-mentioned oblique dark cross-bar in the forepart of the 
forewing, and on the series of black median striae in the inter- 
nervural cells of the hindwing. The male differs from the female 
by tlie absence of the cross-bar; the medial area of the forewing 
thereby showing the uninterrupted chain of internervural light spaces, 
which diminish in size towards the apex. In contrast with dardanus, 
the root-part of the hindwings in cynorta is dark, which causes a 
eloser junction between the central chain of light markings on the 
fore- and on the hindwings. When comparing these dark root-fields 
_ with their counter-parts on the underside, they are seen to be present 
also there, but tinged in a bright orange-brown hue, intersected by 
a system of darker lines which mark the wing-veins and the inter- 
nervural striae. As these lines reappear in the distal part of the 
wing, it is evident that tbey are interrupted in the middle-area by 
the white discoloration. So we are justified in assuming that in more 
original forms both the veins and the striae will run uninterruptedly 
over the whole surface of the hindwings (on upper- as well as on 
underside) and we find the affirmation of this assumption in a great 
many forms of butterflies, belonging to different groups, and counting 
among them models as well as mimies (e.g. Planema tellus and 
Pseudacraea terra, see Punnert, Plate IV, Fig. 3 and 8). In the 
nireus and oribazus-groups e.g. the upper surface shows a tripartite 
colour-pattern with light (azure) middle-bar, and black inner and 
outer region, but only the slightest traces of nervural and interner- 
vural striae, while these latter are distinetly marked and in complete 
array on the underside of many of the appertaining forms (e.g. nireus). 
When therefore it can be proved for every single detail in the 
pattern of mimetic ‚forms that it belongs to the stock of generic, 
familiar or ordinal hereditary features by which the outward appear- 
ance of the several members of a group is effected, there is no 
reason left for ascribing the total effect of the combination of all 
these details to the influence of Protective Mimiery. Nor can the 
phenomenon of Polygynomorphism itself be attributed to this cause, 
it has to be considered as a peculiar complication of sexual difference 
in general, oceurring in certain groups of butterflies, as e.g. Papilionids. 
That some of the polymorphie females may profit by their accidental 
likeness to unpalatable forms, is indeed very probable, but this profit 
can merely be a consequence of the casual similarity, never its 
cause. 
The phenomenon of Polygynomorphism itself should be classed 
with other cases of Polymorphism, either in connection with sexuality 
or independent of it, as seasonal, geographical, racial plurality of 
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type. In the end, it is of the same nature as specific differentiation 
in general. 

So in Hepialus humuli the white masculine form has evidently 
lost the primitive speeifie livery, which is still preserved by the 
female and by the Shetland-male. 

Though in general my opinions on these subjects disagree with 
those of Haase, I feel much satisfaction in making the following 
quotation from the coneluding passage of his “Resumption” (p. 112): 
“The mimetie transformation was preceded in most cases by atavistic 
phenomena from the side of the females, which in the beginning 
reached back to the patterns of the nearest relatives, but as the 
process proceeded, passed over to those of more distanced forerunners 
and in this way procured the material for the mimetie adaptation”. 

So Haasz attributes the uniforms of mimetie females to hereditary 
influences, instead of considering them as the consequence of secondary 
deviations from the primitive speeifie type. 

Groningen, Nov. 1920. 
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Physies. “On the Equation of State for Arbitrary Temperatures 
and Volumes. Analogy' with Planck’s Formula.” 11. By Dr. 
J. J. van Laar. (Communicated by Prof. H. A. LoRENTZ). 


(Communicated at the meeting of November 27, 1920). 


$ 7. Some Notes to $ 1—6. 


It will be soon two years ago that I wrote the first part of this 
Article‘); studies of various kinds prevented me from continuing 
the subject, and not until now could I take it up again. 

Before I proceed to the derivation of the equation of state, based 
on the found general expression (6) on p- 1194 loc. eit. for the 
time-average of the square of velocity ı,’, expressed in u," (in which 
u, represents the velocity with which the considered molecule passes 
the neutral point in its motion to and fro between two neighbour- 
ing molecules), I will add a few remarks to elucidate and complete 
what was treated before. 


1. In the first place a few words about the transition of some 
“linear” quantities to the corresponding “spatial’”” quantities. 

If we have linear quantities, we can consider all our veloecities 
as the components of the relative velocities directed normally; as we 
always imagine a molecule moving rectilinearly to and fro between 
two molecules at rest. We know that ur—2ur, and that the mean 
value of the component of «,’, direeted normally, in its turn is the 
third part of this, so that we have (ef. also p. 1195 loe. eit.): 


(u *)n — 3 Ur. 
Hence we may write: 
1 — 2 1 _ 
SE Nm (w.’)n = vy x = Nm u®, 


or also, denoting the time-average by the index t: 
1 >— 2 1 Ares 
er Nm (uy)atı = ey x = Nm (u). 


In this '/, Nm (w).(—='/,pv in ideal gases) =*"/, RT, so that we 
may henceforth write: 


1, These Proc., Vol. XXI, p. 1184. 
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1 Be 
Er Nm {(u)nt =KRT, 


by which the transition in question has been accomplished. In what 
follows u* will, however, always simply be written instead of (u,”)n, 
with omission of the indiees r and n and of the usual mean-value 
dash (the time-average is then denoted by w/); the real mean 
velocity square u°, if it should occur, being expressed by (u?). Hence 
we have: 


1 
u De rain er DREIER) 


Starting from the relation (cf. equation (a) on p. 1189 loc. eit.) 


1 1 y 
5, Nmu’ = a u,’ + N f(l-0), 


in which 0 represents that distance from the centre of the moving 
molecule to that of the molecule supposed stationary, towards which 
it moves, at which the work of the attractive forces reaches its 
maximum value (hence at which the attraction changes into repul- 
sion) — we shall find, after multiplication by */,, for the real mean 
squares of veloecity: 


1 1 3 
= Nm (u,’) = ”% Nm (u,’) + = N f(!—0)’. 


In this 3 N m (u) = E represents the total Energy of the system 
(the atom-energies within the molecule being left out of considera- 
tion). Further '/), Nm (u,’)= L, is the mean kinetice Energy at the 
neutral point halfway between the two molecules at rest (where 
the attractive forces neutralise each other), °/, N flo) —= A re- 
presenting the maximum work of the attractive forces. We have 
represented this last quantity by Z, in our first paper, but as this 
way of representation can easily give rise to misunderstanding, we 
shall substitute A for &, in what follows. We have therefore: 


Een 4, Sn Wo 
in which accordingly E=?/, X '/, Nur De X Ne 
Hence in the joint neutral points E—=L,-+ the total potential 
energy of the attractive forces; and in the joint points o in the 
immediate neighbourhood of the molecules, with which the moving 
moleeule will impinge, E will be =_Z,-+ the total increment of 
the kinetie energy in consequence of the attractive forces. 

The quantity A, therefore, represents the fixed, invariable (poten- 
tial or kinetic) energy of the attractive forces, which rise or fall 
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of temperature cannot increase or. decrease. Change of tempe- 
rature can only modify Z,, and consequently also E. Hougefagi 
E—A may always be written for Z.. 

The work of the repulsive forces, which become active after the 
attractive forces in the above-indicated point o have ceased to act, 
has been left out of consideration in what precedes, because A is 
entirely unaffected by it. For the diminished kinetic energy is simply 
converted into a corresponding increase of the potential energy — 
now of the. repulsive forces — which reaches its culminating point 
when u has become — 0 (culminating point of the collision). We 
have, therefore, only to do with the maximum work of the attractive 
forces. 


2. In the first paper it has been shown that the caleulation of 
the Zime-average u,’ leads to the relation en (6) on p. 1194) 


En Ir V1+9g? + log (p+ Ze Gt za +9?) L: 


I en 
log (p + VI+Y*) Bes 1,78 


This becomes after division of numerator and denominator by 


e = — m 
ep +v1+yY°) Be 
(14? = ea AA 
EST... log € 
sn ler v2 7, 
AN 
Sn 'whieh’ doc. eit) 9 = ar} 1 The distance 6 — s', during 


U, 
"which the repulsive forces will act, follows from 


9 2 N 
u. + 2 1-0): ne (0-8) =0, or w'(1+9p') = — (6-8) 
Mm Mm m 


: ’ x (c) 


‘at the culminating point of the collision. Hence we have for ! —o 
and o—S': 


m ya —— m 
H=upV; u 


. whereas for the times it, and t, is found: 
i a m T m t, = T U 
t, —log (1p +-ViI+p Var = y® Vz a = \ At (e) 
= 58 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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a. At high temperatures where, in consequence of the equation 
al V 2 
u m | 
l—0 always remains comparatively small, which is fulfilled here, 
because we always consider solid (at most liquid) systems), (c), (d) 


and (e) with log (p + V1+p')=log(p +1)=y pass into: 


p becomes small when u, becomes large (supposing 


po — 


far 
BREI GA - : 
En r p en ee ERNE be high 
we DREIER 10, men Re, e temp.) ' 0 
1+ -y= 
p € 


so that in the case of weak collisions (in which &, the constant of 
the repulsive force, is not very much greater than /, the constant 
of the attractive forces), in consequence of p in the denominators 
of the second terms in numerator and denominator of the above 
fraetion for u, these latter terms will prevail; hence «,’ will approach 
to '/,u”(c,=6). Whereas in case of strong collisions, when & is 
supposed very large with respect to /, or when g gradually increases 
somewhat on decrease of temperature, the first terms prevail, so that 
then «? will more and more approach to u: (= 3). 

The ratios (0—s’):(l—0) and t,:t, will be great for p small and 
f:e not very much smaller than 1; smaller on the other hand for 
somewhat larger p, and e much greater than /. 

With regard to —0o and 0—s’ themselves, it may be observed 
that according to the supposition /—-0o always remains finile, so that 


m j 
o—s!’ —=u, 1’ can become large at increasing temperature and 
& 


finite e. But this increase is restricted first of all by this, 
that u, can never become Zoo great, because then our suppositions 
(solid state with small values of /— 0) would not be fulfilled ; and 
secondly by this that with comparatively large values of «,, in 
consequence of which 6—s’ wonld become too large, & will gradual- 
Iy greatly increase, so that the molecules can never approach each 
other more closely than to a certain minimum distance. Only in case 
of very strong collisions (e very large with respect to f) 0—-s’ can 
approach to OÖ at not too large values of u.. 


It holds for t, and t, themselves, that ,—y 1/2 will always 
J 


approach 0 at bigh temperature, while „eier remains 
& 


finite — unless e is very large, in which case t, can even become 
much smaller than 2. 
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Al these relations are graphically represented by Fig. 1a and 
Fig. 16, in which the values of u are given in function of the time. 


High temperatures (u, large, p small). 


distances 


ec Ri 


Sr euren 


distances 


Repulsion finite comp. large 


VoNVenyy 


12 small tz finite 
small very small 
Weak collisions. Strong collisions. 
(/s not very great; =1, u; v6). (e/r, very great, or 7 somewhat lower; 
Fig. 1e. UrZUR; w=3). 


Fig. 12. 

In the so-called “weak” collisions the velocity of the colliding 
moleeule will not diminish suddenly, but gradually. This is among 
others fulfilled when the attractive force is supposed to change into 
a repulsive one already before the molecules collide. It may then be 
further assumed that the repulsive force does not become infinite 
before the impact itself, so that in general — unless the velocity is 
infinitely great — the two molecules will never be in absolute contact. 
Hence there is always between o and a value s’ somewhat greater 
than s (the distance of the centres at contact) a. certain space, in 
which the decrease of velocity in consequence of the repulsive forces 
can take place; and there always remains — even at 7’= 0 — some 
distance, however slight, between the molecules, because of course 
! cannot become smaller than o. 

It is self-evident that this somewhat modified way of considering 
the matter is only of a formal nature. Theoretically there is nothing 
changed when s is displaced to o, and s’ from a point within s to 
a point outside it; now, however, we need not think the molecule 
greatiy compressed in the weak collisions, as we had to do with 
the former way of considering the matter. 

The two above figures also show clearly why in the case of 
Fig.1a u,’ approaches to '/,u,”, and in the case of Fig. 15 to u?,. 
For as e.g. in the first case the time, during which the repulsive 
'forees act, is so much greater than that under the influence of the 


altractive forces, the Zime-average will lie in Ihe neighbourhood of 
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'/,u*. In Fig. 15 on the other hand the “action” (energy X time) 
of the repulsive forces will be very much smaller than that of the 
attractive forces, with this result that now the time-average descends 
but little below u,’. 

With decreasing values of «, (lower temperatures) the relations 
of Fig. 1a will more and more shift in the direction of Fig. 15 in 
consequence of the continual increase of y, so that c, will descend 
already to a smaller value from the limiting value 6, before the 
temperature has fallen to such a low value, that w,* is in inverse 
logarithmie dependence to u,? (see below) — in other words before: 
the region of quanta proper has been entered. 


b. At low temperatures p will appear to be great; i.e. on the 
I—6 


2 
n Vv z the quantity —0o does not approach 
0 m 


supposition that n = 
0 to tie same degree as w,, but much more slowly, so that (—5) : u, 
will approach o. lt is even probable that —o does not become 
—=0 even at 7’=0, but approaches to a certain small limiting 
value. This is in agreement witlı the permanent decrease of the 
expansibility at very low temperatures, and with tbe remaining of 
a certain jinite zero-point energy A=*'/, Nf(I-0)' at T=0. 
Our equation (c) now becomes: 


(1-+' PAR 
thav/l) . 
Re u: log (2y+ /19) u : p* 482 x 2 E (low 
ya, ms tem) 
Be 1% rn 
lg2p 8 log2p € 


which at very low temperatures, at which p approaches to 0, will 
become nearer and nearer to 


NN. Re 
U eu, Be 21) x (14 5" v 2) (very low temp.), . (ec,) 


because the finite term log 2 can then also be omitted by the side of 
log (2p° + 1) in log (dp? +2) = log (dp? + 1) — log 2. But the 


F 
h E ; j 
factor 1 + 3 a: can be omitted only when & is very large with 


respect to f (strong collisions), which is, however, not very probable 


in view of what was found at high temperatures — unless at high 
temperafures p is so small, that notwithstanding & is very much 
vi ı z 


reater than /' ity — f i 
s l n /, the quantity = \ =: would yet remain compara- 
tively great. | 


a 
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But at all events in the case (c,) or (c,) wu (proportional to the 
temperature) will be very much greater than u,’ (proportional to 
L,= E—A). Both — temperature and kinetie energy in the neutral 
point — approach to 0, but the energy very much more rapidly to 
A (the constant zero-point energy of the attractive forces that finally 
remains) than the temperature to 0. 

The relations (d) and (e) now become: 


8. 1 ö 1 
2 2 elog Apr. \ 75 3 E I» Ay 
I—6 € 2f t, log ap E- 


so that for a value of /-—-o remaining finite, the distance 0—s’ will 

not be very much smaller than /—o, unless again & is very much 

larger than /. The time /, approaches (logarithmically) to ©, while 
f ul m 

at finite Z, (=5= 72) the ratio Z,: 2, will approach logarith- 


€ 


mically to 0. These relations are represented by the subjoined figure. 


Low Temperatures (u, small, & large). 


distances 


bs’ 
finite small 
times 
ren 5 Ry 
7 Fu 


great finite 


Fig. 2. 


As has been said botlı «, and «,’ approach to O, and the reason 
{hat w,? (i.e. the temperature) does not remain finite at u,’ = 0 
— since there isa /inite increase of the square of velocity (originally = 0) 
in consequence of the attraction forces — but likewise approaches 
zero, lies in this that the time during which this increase takes place, 
approaches & (though it be logarithmically). In the neutral point 
the attraction is —0; when the moving point has got somewhat 
outside the neutral point, there will therefore be only very slowly 
question of any action of‘a force (which then increases further 
linearly with the deviation x, see p. 1188 loc. eit.), bence of acce- 
leration. 


3. When we now proceed from u.’ to T, and from u,’ to 
L,—=E-—A, we have therefore in the case of hiyh temperatures 


om Urs: 


' 1 1 
a ei x —-Nmu,; 
i.e. (cf. Note 1) 
1 2 1 
T=-X-L==-L, =>=(E-A 
Rex Dame Urn 
Hence also 
B= At 3RT,... 20. Mae 
or 
‘d 
= (or =8R=6.......W 
If u? were= u,’ instead of='!/, u,’ (strong collisions, ef. Fig. 1b), 


then E would have become = A + "/,RT, ="), R=3. 

All this applies to monatomie substances. In the case of multi- 
atomic (n-atomie) substances it is necessary to take besides the energy 
of the attractive forces A also the atomie energy A' within the 
molecule into eonsideration, so that # becomes = 7, tA+ÜX'. 
Now /,=3RT, while A’==3(n—1)RT7 may be put, when 3(n—1) 
represents the riumber of supplementary degrees of freedom. We 
then find A=A+3nRT, i.e. c,—=3nR = 6n (Neumann’s law) "). 

At low temperatures we have: 

Ina 1, Nma \ 
2 log (A p" + 2) 


according to (c,), when we denote the factor 


Ha Her 


by 0; hence because u,’@' —= (l—0)* a and thus '/, Nmu,’ p’ = 
= Nfll-0’—=*®/,A: 


1) It should be remembered that for gases E=A+t!/R(8 + u) T may be put, 
in which « also represents the number of supplementary degrees of freedom (see 
among others Bourzmann, Gastheorie Il, p. 124—125 and 128). But here x 
is simply =n for multi-atomie molecules, so that for mon-atomic molecules n 
is still = 0, for di-atomic molecules however n = 2, for tri-atomic onesn = 3, etc. 
Hence when the term A, which approaches 0, is neglected, and also the quantity 
& introduced by Bortzuann, referring to the potential energy of the intramolecular 
movements, HE becomes =!/,RT(3-+n) for gases, leading to = /,R(8+n), 


hence (with G—-o=R) tor =1+ 2 i 
Cv Ö — n 


correction quantity e to 3-+-n). 


(Borrzmann adds the above mentioned 
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RT Besen 
I 4 nen 
Kl ( Bat 2) 
dp = N 7 _\2 f) 
because 9! — BRUT EBEN 


RN DSL! 


0 
When we reverse the relation found for RT, omitting log 2 by 


the side of the so much larger term log (x +1), where E-A= 


—=L, is small compared with A, and putting also 9=1 (which is 
fulfilled for large values of &: f), we get: 


(9) 
er 

As we already remarked in our first paper, it is indeed exceed- 
ingly remarkable that (witlı the exception of a few numerical factors) 
exactly the same relation between E and 7 appears here as was 
derived by Pranck on the ground of the hypothesis of “quanta” 
drawn up by him. For this it was only required to take into account 
the time averages in the ordinary dynamic relations, which gives 
rise especially at low temperatures to a considerable difference between 
u,” (the time average of the value of u,’, which has greatly increased 
under the influence of the attractive forces) and w,’, both being very 
slight and approaching to 0. 

From (9) follows with ?/,A:R=ae: 


“N 


3 3 Ra neir?®e 
ee ET a 
re (er m) aa ” 


which exponentially approaches to O (vi to sr”, e il when 7 


approaches to 0. 

There is, however, one great difference with Pranck’s formula. 
Apart from this that in Praxcr’s work the well-known quantity 
Nhv appears instead of °/,A= Nf(l—0)’, so that iv would have 
to be Av=f(l--0)”'), our‘ formula (g) is only valid for very low 
temperatures, and (f) only for very high temperatures. This is of 
course only owing to this that (c,) only ensues from the general 
formula (c), when % is supposed to be small, whereas with large 
values of p the relation (c,) results from it. Accordingly our (g) may, 


1) Cf. what has been said concerning }—- under 5) of Note 2. 
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therefore, not be applied in case of high temperatures, whereas this 
may be done with Pranck’s formula: the latter holds (at small 
volumes) both for low and for high temperatures. 

It is, however, remarkable that if (g) were valid for high teınpera- 
tures (which is not the case according to us), E=A+3RT is duly 
obtained as limiting value for Z, identical to (/). Our formula, from 
which (/) ensues for high temperatures and (g) for low tempera- 
tures, seems to be more general, and the approach to ( f) takes 
place in a somewhat different way than with Pranck’s formula. 


At any rate it will have to be assumed — if p is to be small 
at high temperature, and large at low temperature, and if Ais not 
to become —=O0 at T=0 — that with condensed (solid) systems 


(0)? changes only comparatively slightly; and that it does so in 
the same degree as the frequency ». Then Pranck’s quantity A would 
be related in a definite way with the constant of the attractive forces 
f (being in its turn again in relation to e’, when e represents the 
electric elementary quantum), and in consequence of this also with 
%/,, at the absolute zero. There are very strong indieations for this: 
particularly the undeniable connection between the so-called chemical 
constant and also the constant of the vapour-pressure on one side, 
and the quantity “/,s on the other side, as I demonstrated shortly 
ago in a Paper in the Recueil des Tr. Ch. of March and May 1920 
— while it is known that this chemical eonstant in its turn is again 
in relation with 1. 
I hope to return to this special subject later on. 


4. We will now discuss somewhat more fully the nature and 
the way of acting of the forces assumed by us between the molecules. 

In connection with what was already observed above, we might 
assume that the attractive action of M, e.g. rapidiy decreases at a 
certain small distance from »M,, and disappears at a certain very 
small distance 0, being replaced by a rapidly increasing repulsive 
force, which for &=s, when the moving molecule P would touch 
the molecule M,, would become infinitely great. (Cf. further what. 
was already said on this head under a) of Note 2). 

Thus no two separate forces are required, nor two separate Virial- 
parts — an Attractive-Virial part and a Repulsive-Virial part — 
but only one; which point of view was already set forth by me 
some twenty years ago.') The difference with the assumption in the 
first part of this paper lies, therefore, chiefly in this, that then the 


!) See Arch. Teyler (2) T. VII, 3ieme Partie, p. 1—34 (1901): 


des corrections etc.” (particularly p. 28 et seq.). we 
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attractive force continued to increase up to 0, after which it sud- 
Total force F. 


Fig. 3. 

denly (hence discontinuously) changed into a repulsive force, with 
another constant of intensity & than that of the attractive force I; 
whereas now we suppose a continuous change of force at o with a 

single constant /. 
Analytically this may be expressed — as far ase.g. the action ofa 
force, exerted on Pby M, is concerned — by a formula of the form 
F, =f@-14 Bee 11 0 EP: 
in which = OP, and the indices 1 all refer to distances from M,, 
measured towards the left; and this instead of simply A} = (0, — 
—(lW—x,)) as we put formerly (loc. eit. p. 1188 et seq.), i.e. the 
attractive force proportional to the distance from the moving point 
P to the boundary of the sphere of attraction o, (of M,), so that 
F,=0, when P lies on the boundary of this sphere or outside it. 
In consequence of this the attraction, after having reached a maximum, 
again becomes —= 0 at 0, (hence (v—= I—o,), reverses its sign, and 
again changes into a repulsion, which would become infinite at s, 
(«= 1,—s,). From the other molecule M, P is subjected to an 


attraction 


—0,+# 
F,=J(0,- 1b 
2 J (0, En es „te ( ) 
in which x is again = OP, and the es now refer to distances 


from M,, measured to the right. 

Hence after some reductions the Zotal action exerted on P to the 
right (see Fig. 3), (with omission of the indices, because /, =/, =|/, 
etc.) is now found to be: 

= —8 
ae lt a‘ 
instead of simply = F — F,=f.2«, as before (p. 1188). 
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It is self-evident that the total attractive force will become — 0 
somewhat earlier, when P moves towards M,, than at o, (when 
F, acts alone) — it does so at 0‘, or simply 0’ — because the 
attractive force of M, acts in opposite sense. In fact the above 
quantity becomes = 0, when 
we =V os) (6-9) (6-9) = V (l-0)? — (040-2) (0) = 10). 

As in the case under consideration the molecnle 7? will always 
be within the spheres of-attraction of the two moleeules M, and M,, 
2 is always <oe-+s, hence a fortiori X <g+ © (ef. p. 1187 l.e.). 
The value of x, is therefore <2-—o, i.e. F becomes —=( in 0, 
on the left side of 0, '). 

However, all such functions have the drawback, that the further 
integrations become impossible to carry out by means of closed 
forms; for both at high and at low temperatures (u, large or small) 


x 
> % = 
the term of work | in V« n= „Ft can never be con- 
m 
0 


sidered as permanently small with respect to u,’ between the limits 
2=0 and @=s’. For in the end (at the eulmination point of the 
collision) the qnantity under the sign of the root becomes =0 in 
both cases (high and low temperature), hence the term of work 
under consideration of the same order of magnitude as w,’. And at 
low temperatures, which is justly the most important case in our 
eonsiderations, that term is almost everywhere of the order of 
magnitude u,’ — except in the neighbourhood of the points O and 
somewhere between o’ and s’, where this term becomes — 0 (Cf. 
Fig. 3). 

For this reason we were obliged in our first paper .to consider 
the attraction and the repulsion separately, and to assume, instead 
of the course of F drawn in Fig.3, a force which continues to 
increase in direct ratio to = as far as o,, after which it suddenly 
changes into a repulsive force, which likewise increases linearly as 
the distance from P to 0, (P now thought on the righthand side 
of 6,). This renders the integrations easy to carry out, and does not 
touch the nature of the matter. 

If it is thought desirable to avoid the introduction of a so-called 
“sphere of attraction” — which at the same time offers the advan- 


!) When the distance ! of the molecules becomes 100 small, F will not first 
become positive on the righthand side of O, become =0 in c’, and then negative 
— but at once negative, i.e. there is already immediately repulsion on the right- 
hand side of O. The same thing applies of course to the left side. We shall 
return to all these different cases in our next paperon the calculation of the Virial. 
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tage that the assumption of a transition case (see p. 1186) becomes 
unnecessary (viz. the case in which the moving molecule is always 
within the sphere of attraction of M,, but not always within that 
of M,) — a plausible law of attraction must be substituted for 0,—ı+% 
and 9,—4,—x in the expressions for F, and F,, so that we have e.g.: 
FE BETT se en) ae 
ei: \ (+ @)r I--s +0 


through which we obtain with small values of «: 
( 2) o 0—8 
PR =—1]1 - 1— —r]l— 
= El (io) ) 
DE pr 
41 Jet L ER x], 
In a«/ıI—s (l!—0) (l—s) 


-7 |} Be 9 u) 
Be, es ei = |r- (0) |? 


l.e. again proportional to x. This first proportionality and the corre- 


1.0. 


sponding quadratic form of the term of work | Fdx continues to 


exist whatever form is given to the expressions of the action of the force. 
Aceording to DeBrYE') the exponent n would have the value 9 
(for anomalous “Dipol’”” gases n would be =717 on the other hand; 
cf. the note on p. 183 loc. eit.). 
But also the above forms of F, and F, are in a still greater 
degree subject to the drawback, that they lead to integrations which 
it is impossible to carry out in the further caleulations. 


5. However — without having recourse to the dualistic law of 
force (one for the attraction and another for the repulsion) which 
we have chosen for practical reasons — also (2) might be used for 


the caleulation of 
I—#' 5’ 


da "era 
t= I-———— ; uW=— u -Fw.da, ....0®) 
ee Er 
0 0 


ı 
in which 0.=- | Fas; provided one is satisfied with a certain 
mn 4 


approximation in the logarithmie expression which is then obtained 
for &.. We find namely: 
2 (—s)’ — @’ 
0 Be oelag —  — lee.) 
(is) 
) DeBve, Die v. D. Waaus’schen Kohäsionskräfte, Physik. Zeitschr. 21, p. 178—187 
(1920). 
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in which .z changes in the above integrations from Is’ t0o0. And as 
s’ is always > s (only for an infinitely large value of u, could. s 
be reached at the eulmination of a collision), I—s’ is always < l—s. 
Especially at lower temperatures, at which s’ remains comparatively 
far from s, (/--s’): (l—s) can remain considerably smaller than 1 
even at ihe extreme value of «. (If eg. /=12s, ’—=1,1s, this 
ratio becomes already '/,). We may therefore writein approximation 
for the logarithmie term : it 


l ee u ee = = ‚ 
of 5) (5)? 2(-)‘ 


(03) (ee) 
the following form is obtained for @z: 
2f ir ul 3 21 Eos 
BERNER lg a METZ 
a 


For the form under the sign of the root may therefore be written: 


ale 
u, E mi = 2 Ve ||- u [149° (1-e)y’—'/,ay‘], 


so that with 


w 


U, 
i t Is 2f 
when again, as in the first paper, — — = pisput, and further 
u, m 
y is substituted for - Then: 
54 Is’ 
i—s ä {5 
Sr BR - 
=. _ N bid. 
w JVNI+e de) y—),ay‘) 1 al m 
0 
0 


For the form under the sign of the root (1—w,y?) (1 ee may 
be written in this, when 


WW, =y?’ (1—e) ;_ wWw= . 724 0, 
so that this form with yVw, —=z passes into (1— 2°) ( Ku ) 
w 


which becomes with z=cosw: 


og w, » 1 ar 4 
sin? W (1 + r (1 — sin? ") = sin? v(i *- Pen sin?’ ) 


1 


F de be 
or dy we have further ie sın $ dw, so that the 


V 1 Vu, 


above integrals pass into 


0 
a I—s F# w, dw 
uVu®, w,+tuw, vera, 
1 gr 


901 


0 
re RE RE A 
a l V Ze 
Zi Vu, ‚tu, für I 
Yar 
when Bi ko is t (he Ai | 1 Wil 
Bw, is- put (hence A? is always <{1). With regard 


to the limits of the integrals evidently z is also = 0 for y = 0, hence 
p='/,”. And as at the upper limit u,’ + w; becomes — 0 (culmi- 
w 


nr )= 0, hence 
: w, 
z2=1,w=0. Thus we have, after reversal of the limits, in conse- 


quence of which the minus signs drop out: 


nation point of the collision), also (1 — 2°) (1+ 


a TC 
Te fr waw.av 
Er. Is RER a : ‚wtw, 0 


U, Vw re Ay h ’n) Yon h 


when for ? its value is substituted in the expression for u,’. Follow- 
ing Lesenpre and denoting the complete elliptical integral of the 


Yor 
d 
‚1st kind, vin. (u by /) or singly F, we have also: 
/ Y 
Ur 


se RT BE ENEIICR 
ee Jar sasan 
t 0 


a (see above). We have for the 


l 
when pV p substituted for 


modulus k: 


ar Fi Eee p[rl!—e)+ v la) Falh 
w tw p Vo? (l—eo)’ + 2 
when we ealeulate the quantities w, and w, + w, from the above 
expressions for w,—w, and. w,w,. Hence we may write: 


1 
-e®—-|1+ D UT FE TE) 


us 2.2 
un par 
so that at low temperatures (large values of %) A? is always near 


1 (provided @e<1, in which case the + sign is valid). 
We must now still reduce the last elliptical integral (Ihe one with 
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sin’w) to that of the 1 and the 2"« kind. According to known 


formulae of reduction!) we have: 
y 


y Y 
ı [1—%’ fd 2k’—1 i 
fir war. ae= al Fr I F FR, [ewar-unyenyan | 
0 N) 


hence 


Yor 


1[1—%? 2 k’—] 
EZ vAv.dp = 3 1 F+ FR 2| 


(0) 
when the complete elliptical integral of the second kind, viz. 


Ir 


fawav, is represented by Z. Hence we find finally: 


2 —1 Ber u 2 k’—1 
a air a —— 1 —lh . (7 
be Er 37 ” | een, 9) 


because 


A! 
N vs = — , and = = 1%, 
Vu, +w, ” p(1—a)’+2a en. w, tw, 


We shall now compare the found formulae (7) with those found 
before, and again in the two limiting cases: high and low tempe- 
ratures. 
At high temperatures (p small) A? approaches '/, (if «<< 1), so that 
then (7) reduces to 
Deo. ur, u (uch tenp.), en 
instead of u?—='/,u,’ (weak collisions), as we found before. The 


!) See among others Durier, Th. der ellipt. Funct., p. 65, formule (29), i. e. (with 
k=0,m=0) 


Y y Y 
d Ba mt 
inyoy Ay | ;,— 20m)” var ge ee 
Ay Av Ay 
1,0 0 0 
from which the integral with sintl can be expressed in both the others, that 
with sin?) being expressed in Fy and Ey by the formula (see p- 69) 


y 
"sin? y dw 
kr ee Te je 

J Aw ER 


0 
as can be easily verified by differentiation, after ay=V1-—kRsin?y has been 


put everywhere in the denominator. (Tre integral to bereduced by us then becomes 


Y 
sin? ab — k? sin! w 
) Ay ir) 


0 
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fall of the velocity during the action of the repulsive force — 
expressed as function of the time — is now less great than in fig. 
1, so that the descending branch will be much more horizontal. 
The natural consequence of this is, that the time average gets much 


nearer t0 u,’. (c, woHd now become—='/,x '/, R=4!/, instead of 
6). However — the above calculation is certainly questionable at 
. B 

high temperatures, because then log (4 cn) may certainly not 


be expanded into a series, as at the culmination point ofthe impact 
x would become —=/!—s (s’ —=s). The expansion into a series up to 
x* used by us, gives a too great value for w,, hence also a too 
great value for u;.?. Instead of rather abruptly, the damping of this 
exceedingly great velocity would take place during a much too long 
interval — so great even that s’ would lie far inside s, which is 
of course impossible. 

At low temperatures (p great) on the other hand there can be 
no objection to applying the expansion into a series up to «*, because 
then the velocity is so small that it will be reduced to 0 already 
witbin a very short interval. Now the modulus % approaches to 1, 

Ur 
hence Ki| cos p dw — (sin vw)", i.e. also to 1; but Z'will approach to 
1) 
far 


= — log ig (45 + 3%), hr — — log @—log 1,i.e.to log ®. As, however, 
0 


at the same time 1—%k? approaches O0, we must examine what value 
(1—k?) F assumes in (7), when 4” is near 1. 


According to a well-known theorem ') F' approaches to log — Ve 
in this case. 
Hence we get for t and u.’, when %& approaches 1, from (7): 


1) Cf. among others LAmB, Treatise on Hydrodynamics, p. 170; CAvtey, Ellipt. 
funct., Art. 72; MAxweır, Elect. and Magn. II, p. 311—316; Durksz, p. 190 
et seg., particularly p. 213; KırcHHorr, Vorl. p. 270; ete. Better than Durkar’s 
derivation, which is based on LAnDen’ s transformalion, is KIRCHHOFF’s beautiful 
derivation. The latter is founded on the splitting up ofthe integral into two parts, viz. 

Yen Yın—d "nr 


| > + ‚in which 6 is a small quantity, which is, however, supposed 


0 0 Yun 

to .be great with respect to Vi-%:. But in both derivations only the limiting 

value of F' is reached. 
It is in my opinion a better method to start from Jacopl's relation 
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1 4 m , Pe Hr ER 
Kr: vi-—a = vi—-e Be = 8 (1—%®) log vie 
because Z approaches 1, and 1 may be omitted by the side of 
2a —1E 1 
VERF 
yla<]): 


LIE IR, —) ee 
=;| +( Er ET, Fo g° (l—ao)?’ 


btai ith 4 SUIEN lo nr 
so that we obtain with log va FR 


lu 


Now from (6) follows for large values of 


2 .(low temp.) . . 17°) 

3 a 

ur u,” 
32 (1—e)’ 
log | — —p? 
a 
log q’ Ä j i x 
F=-—-ZF', in which F’ refers to the integral with the complementary 
a 


modulus X" =W1-k%, and g’ is one of the auxiliary quantities q and g’, 


D e '2 16. 
introduced by Jacosı. From the relation yk’ — A Hi. 
- 1+29'+2g'-H29” + etc. 
er! IE: 
follows first ofall — k'’—g' (= Fr ‚from which 
16 I+2g+2g°+... 
1 


1 x 21 
Bar: K (i + 3 k? + rt +.. ): And from this follows: 


re a 
—— —tO = 10U = — — —— PET 6 
IL TIT 


Through expansion into series #' — er 1 + sy 2 kt +...) is easy 
2 4 64 
gr 


i d 
derived for F’—= I——. “ ‚ so that from #' Be = Ben q 
VI—k? sin? w | ar < 
N) 


1 9 4 1 13 
finally ensues #F— | 1 — k? za log — 


3 l 2a 
or approximated # — (' + 1 e) (to Pen k'? ) the limiting value of which 


k 


is evidently log [Au 


We may still point out that the auxiliary quantity q always remains very small. 
Jıs=0 for K=0, but 4 is only 0,048 for k’ =1/V2 (the same.for k and g). 


It is to this fact that Ihe exceedingly strong convergence of the Jacosı series for 
elliptical functions is owing. 
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4A 


Again ? approaches logarithmically to © and u, to u 
lg By '’ 


just as in (c,), derived in $ 3 with two separate forces. 

In order to render a comparison possible, we must now again 
introduce the maximum work-A performed by the attractive forces. 
From (de), i.e. 


BR Bi, lü-0 Tan Bu rl! 


)”* 2 (ld 8)* 
tollows that this will be maximum, when 2 Marek so that 
(—s)’ a’ 
2 (1—a)? 
(Oi) I 


Multiplied by '/, Nm, we get accordingly (Cf. Note 1) 


2 
Nf(i— y 2 =5 5 
= 2«6 
As further 9%? zZ .) Tr we get: 
1... 32 (1—ae)’ 32 (l—a)’ 2 
EEE TEEN 
[24 


Thus we find for '/), Nmu?= RT, because "/, Nm uw!) Li 
=’ (EN): 


N a (8) 
lo ER bel lo Ds, 
2 /,L 0 | Er — A 
Hegel 
as against RT’ = I ln the former assumption of two separate 
log DIN 


forces (see Note 3). The coeflicients are different, but the logarithmic 
relation has remained entirely Ihe same. 

As however our former assumption leads to better coefficients 
than the assumption (2) of Note 4, elaborated by us in this paper, 
and as it does so both for high and for low temperatures, we can 
in future, by the side of the latter procedure, also base ourselves 
on the supposition — which is simpler for the caleulations — of 
two separate forces, in which the repulsive force begins to act at 
x:—=l—0o, after the attractive force has reached its highest point. 

I hope that the foregoing Notes go to clear up some of the diffi- 
eulties that might have presented themselves in the reading of my 
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first paper.!) Now we will proceed with the task which we had 
set ouiselves, and examine the Virial of attraction and of repulsion 
with a view to the drawing up of the equation of state in case of 
small volumes, especially at very low temperatures. 
(To be concluded). 
La Tour pres Vevry, Autumn 1920. 


I gratefully express my thanks again to the van ’r Horr-fund, 
which has greatly facilitated the execution of this work. 


I) Though .not «all-the objections, which some time ago Prof. LORENTZ was so 
kind as to communicate to me in a letter, may have been removed by this paper, 
yet | hope that some have been solved. Nobody can be more fully conscious of 
the great diffieullies that are-to-be surmounted here, than the author himself. 

In the autumn of 1919 I had the privilege of having a discussion with Prof. 
EHkENFEST — to whom we owe the so important theory of the Adiabatic 
Invariants (1916), which theory was later so felicitously continued by BURGERS 
(1917) and Krurkow (1919—1920) — on the contents of my first paper. He 
advanced, among others, the objection that not «ll the molecules on approach 
to other molecules would come in collision, after which they would again move 
away from them, but that some of them would remain for a time in the 
neighbourhood of them. This is perfectly true, but in case of gases we should 
then have to do with association, a case that was purposely left out of conside- 
ration by me as an-unnecessary complication. But as we have to deal here not 
with gases, but chiefly with solid bodies, where the molecules only move to and 
‘fro between the neighbouring ones, this complication is, indeed, quite excluded. 
Besides already for a long time all the more recent theories of structure have 
rejected the idea of association in the solid, cerystallized state, so that we are 

‚justified in leaving it quite out of consideration. But in my opinion there are greater 
diffieulties, of an entirely different nature, to which I hope to return later. 


Physiology. — “The Junction of the Otolithes”. By Prof. R. Macnus 
and A. DE Kıeyn. 


(Communicated at the meeting of Sept. 25, 1920). 


In the course of the last half century an infinite amount of literature 
has appeared upon the functions of the vestibular organ. From the 
first, anatomical research rendered it probable that a sharp distinetion 
had to be made between the sensory epithelium in the cristae 
of the semi-circular canals covered by the so-called cupula and 
which can move freely in the endolymph, and between the sensory 
'epithelium of the maculae of sacculus and utrieulus which, covered 
by the otolithes with their greater specific weight, appears specially 
suited to react upon the greater‘ or lesser pressure of the said 
otolithes. 

But, whereas our knowledge of the function of the semi-eircular 
canals is fairly extensive and, moreover, the anatomical data agree 
fairly well with the clinical and experimental data, ıhis is by no 
means the case with respect to the knowledge and theories regarding 
the function of the otolithes. ° 

This is due to various causes. If, as has been supposed in particular 
by Mach and Breuer, the. function of the otolithes is determined by 
the greater or lesser pressure upon the sensory epithelium beneath, 
we may expect that the otolithes will have some influence upon 
those reflexes which come into play by changes in the position of 
the head, and that their influence will continue as long as this 
position remains unchanged and the pressure of the otolithes is constant. 
Or, in other words, that the otolithie reflexes are more particularly 
tonic reflexes. Up till a few years ago, tonic reflexes of the labyrinth 
were known only in the form of compensatory positions of the 
eyeball, and therefore the function of the otolithes had to be studied 
exclusively from these reflexes. As, however, our knowledge of these 
positions was still far from complete, and sufficient invesligations 
had not been made, it is obvious that the literature on this subject 
will contain opinions of a more or less speculative nature. Moreover, 
the influence of the elinique was inhibitory. While, clinically, the 
different vestibular reactions upon (rotatory) movements were in- 
vestigated. more and more carefully and began to assume an ever- 


inereasing importance in the diagnostics of the diseases of the labyrinth, 
59* 


908 


in physiology also attention was concentrated almost exelusively upon 
this species of labyrinth reflexes. Barany’s attempt to include the 
compensatory positions of the eyeball in clinical research was not 
imitated. 

Besides by pressure, it is a priori very well imaginable that the 
otolithes might react upon motion, if hereby the specifically heavier 
otolithes by reason of their greater inertia undergo slight displacements 
with respect to the underlying sensory epithelium. Mach and BREUER, 
upon purely theoretical grounds, believed this to be the case with 
the labyrinthine reactions upon progressive movements. Experimental 
data on this point were lacking, but, as it appeared to be physically 
impossible that the canals played any part here, the cause had to be 
ascribed to the otolithes. As will appear below, however, the opinion 
held by Mach and Breuer, namely that for physical reasons the 
canals cannot have anything to do with this, is erroneous, while 
other experimental grounds will be furnished for the theory that in 
the reactions upon progressive movements it is just the semi-eireular 
canals that play the chief part. 

As now during the last ten years various other, hitherto unknown 
tonie labyrinth reflexes were found at the Pharmacological Institute 
of Utrecht, it was natural that these new experimental data should 
be used for the further study of the function of the otolithes. For 
this purpose the following method was adopted. If the tonic labyrinth 
reflexes depend upon the greater or lesser pressure of the otolithes 
upon the underlying sensory epithelium, it may be expected that 
these reflexes will be at their maximum or minimum at the same 
moment as this pressure is maximal or minimal. W hether the reflexes 
will be the strongest under the greatest pressure or under the least, 
cannot a priori be stated. This will depend upon whether the sensory 
epithelium is excited most strongly by the pressing or the pulling of 
the otolithes,; it might be very well possible that pressure of the 
otolithes gives rise to a certain reflex, whilst pulling might also excite 
another reflex action, though a different one. 

Therefore, to arrive at as unbiassed a conelusion as possible, all 
the tonie labyrinth reflexes were first examined quantitatively as 
exactly as possible, and in particular in what position of the head 
the maximum and minimum of ihese reflexes were found. 

The tonie reflexes examined were the newly found tonic labyrinth 
reflexes on the muscles of the body and the so-called labyrinthine 
“Stellreflexe”, while further the already long-known compensatory 
“positions” of the eyeball were carefully examined quantitatively 
a5 to their maxima aud minima. This investigation was performed 
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upon different animals; the compensatory eye “positions” only upon 
rabbits and guinea-pigs, as in the case of animals with quick volun- 
tary eye-movements, such as cats and dogs, these reflexes are not 
so well suited for quantitative examination. In the Anatomical Insti- 
tute, Messrs. ps BurLer and Koster ‚kindly determined for us by 
various methods the position of the otolithes in the rabbit head, 
and constructed a model from which, in each position of the head, 
the accompanying position of the otolithes could immediately be 
seen, so that it was now possible to trace whether witli the maxima 
and minima of the tonic labyrinth reflexes also a typical position 
of the otolithes was to be met with. This proved to be the case, 
as this paper will further show. | 

It was finally desirable to answer the question as to the correct- 
ness of the supposition that the tonie labyrinth reflexes are otolith 
reflexes, and at the same time to investigate whether this is also 
the case with the reactions upon progressive movement, as il is 
fairly generally assumed to be according to the theory of Macn and 
Brever. For this purpose a method had to be employed whereby 
the influence of the otolithes was in some way eliminated, while 
keeping the semi-eircular canals intact. The reflexes of the latter 
should then be present and the otolith reflexes absent. This method 
of control, as will be seen later, also confirmed the presupposed 
function of the otolithes. 

The result of the above-described investigations, shortly summarized, 
was as follows: 


A. Posırıon OF THE OTOLITHES WITH THE DIFFERENT TONIC 
LABYRINTH REFLEXES IN THE RABBIT. 


1. Tonic labyrinth reflexes upon the muscles of the body. 
(Extremities and neck) 


a. On the extremities. 


When the tonus of the museles of the extremities is examined in 
the various positions of the head, it appears that the extensors attain 
their maximal tonus whenever the head lies symmetrically on the 
skull, the nose making an angle of 0° — 45° upwards (individual 
differences). When the tonus of the extensors is minimal, the posi- 
tion of the head differs from the former by 180°. 

If the model of the rabbit’s skull with its otolithes be now put 
into the same positions, it will appear that with the aforesaid 
ınaximum and minimum, the utrieulus otolithes also have a very 
typical position (the individual variations anatomically found agree 
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with tbe variafions found experimentally); (his is not the case with 
the saceulus otolithes. 

In the position whereby the extensors have their maximal tension, 
the’ utrienlus otolithes stand  horizontally and are hanging on the 
epithelium in the position of the minimal tonus, the utrieulus oto- 
lithes also stand horizontally, but press upon the sensory epithelium. 

It follows, therefore, that it is not by pressing that the utrieulus 
otolithes exhibit the greatest stimulus, but when hanging. 

Just the reverse is the case with the tonus of the flexors; this 
tonus is strongest when -the otolithes press and weakest when 
they hang. 

The influence of the labyrinth upon the tonus of the flexors is, 
however, much less than that upon the extensors, and can be demon- 
strated only by special means, so that there is no room for doubt 
that at all events the strongest stimuli proceed from the hanging 
otolithes. 

Experiments upon rabbits, where the labyrinth on one side had 
been removed, showed that one labyrinth is connected with the 
muscles of both extremities, so that each utrieulus otolith exercises 
its influence upon the muscles of both extremities. 


b. On the neck. 


For this the same holds as has been stated for the tonic labyrinth 
reflexes upon the muscles of the extremities, with but one single 
fundamental difference. Whereas, from experiments upon rabbits 
with one labyrinth removed, it appeared that each labyrinth is in 
connection with the muscles of both extremities, this is not the case 
with the neck muscles, where the influence is uni-lateral. From 
which it follows that one utrieulus otolith is connected with the 
cervical muscles of one side of the body only. 

Therefore, the fact that both utriculus otolithes lie almost in one 
plane, does not imply that the removal of one labyrinth will not 
be followed by any symptoms, as indeed is seen by the turning of 
the neck after a uni-lateral labyrinth extirpation. 


2. “Labyrinthstellreflexe”. 


By this word those reflexes are meant by wbich the head is 
brought back from any abnormal position to the normal -again. The 


centres for these reflexes, like those of the other “Stellreflexe’, lie 
in the mesencephalon. 
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. Examination of the labyrinthine “Stellreflexe” ‘of rabbits after 
uni-lateral labyrinth extirpation has shown that the “Labyrinth- 
Stellreflexe”’ are superimposed upon the turning of the neck above- 
described and looked upon as utrieulus-reaction, in-such a way that 
they try to bring tlie head into such a lateral position that the 
intact labyrinth is‘ uppermost. In. this: position the “Stellreflex” 
proceeding from the intact labyrinth has its minimum. 

Whenever, on the contrary, the intact labyrintb is found under- 
neath, the “Stellreflex” has its maximum. 

If the head be placed in any chosen position, the animal will 
not rest until it has got its head back as far as possible into such 
a position that the “Stellreflex’” proceeding from the intact labyrinth 
is as small as possible. There is only perfect rest when, as has been 
said above, the intact labyrinth is uppermost. If the model. be 
examined to see in what position the otolithes now are, it will be 
seen that the sacculus otolith stands er and presses upon 
the sensory epithelium. 

On the other hand, the greatest unrest is observed when the head 
is placed into such a position that the intact sacculus otolith hangs 
from the sensory epithelium. 

Thus, in the case of the “Labyrinthstellreflexe’”’ after uni-lateral 
labyrinth extirpation, it can be proved with certainty that the 
maximum stimulation proceeds from the otolith when it hangs, and 
the minimum when it presses. 

The “Labyrinth-Stellreflexe’” on the head, by meuns of which, 
when both labyrinths are intact, the head is invariably brought back 
from an asymmetrical to a symmetrical position, are explained by 
the coöperation of the stimuli from both labyrinths. The head comes 
to rest in. such a position that the stimuli arising from. the two 
sacculi are eqnally strong. 

From the above it is clear that the maximum positions of the 
right and left labyrinths differ for the above-described “Stellreflexe” 
approximately 180°, from which it follows that they must be sacculus 
reflexes and not utrieulus reflexes, since the utrieulus otolithes lie 
almost in one horizontal plane, while the sacculus otolithes form an 
angle of 120°-—-140°—150° with each other. 

Besides the “Sacculusstellreflexe’”’ just described, by vehich the 
head is brought back from asymmetrical to symmetrical position, 
we must assume that there are other labyrinthie “Stellreflexe’’, as 
the head is not merely brought into an undetermined symmetric 
posture, but always into such a position, that the vertex is above, 
the lower jaw below, and the mouth rather under the horizontal 
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plane. Whether, in this case, the sacculi or the utrieuli are the cause 
of these reflexes, cannot yet be stated with certainty. 


3. Tonic labyrinth reflexes upon the eye muscles. 
a. Vertical deviations. 


In these tonie .labyrinth reflexes one does best to proceed from 
the symptoms after uni-lateral labyrinth extirpation. 

After uni-lateral labyrinth extirpation, the strongest vertical deviation 
of the eyes will be found when the intact labyrinth is downwards, 
with the head lying on the cheek. The rectus sup. of the same 
side and {he rectus inf. of the crossed side are then the most strongly 
contracted. When the intact labyrinth is above, the rectus sup. of 
the same side and the rectus inf. of the opposite side are least 
contracted. A tonie influence of the intaet labyrinth upon the rectus 
sup. of the crossed side and the rectus inf. of the same side could 
not be demonstrated. 

With intact labyrinths and a normal position of the head, the 
stimuli from both labyrinths upon the recti sup. and inf. of both 
eyes are equally strong, so that the eyes in this case show no 
vertical deviation. 

As the maximum positions of the labyrinths differ about 180° 
(maximum position of the right labyrinth when lying on the right 
side, and of the left when Iying upon the left side), these reflexes 
cannot be utriculus reflexes, as then the maximum positions would 
be the same. 

On the other hand, in the maximum and minimum positions of 
these reflexes the sacculus otolithes have again a very typical 
position; in the maximum position the saceulus otolith is hanging, 
whereas in the minimum position it presses. 

After a uni-lateral labyrinth extirpation the vertical deviation is 
maximal with the maximum position of the intact labyrinth, but 
with the minimum position it is very slight or absent. 

At all events it is certain that in the minimum position of the 
intact labyrinth there is no vertical deviation to the other side, from 
which we may fairly conclude that with the minimum position of the 
sacculus otolithes the stimulus is really little or none, whereas with 
the maximum position, on the other hand, it is very strong. 

Thus in this case also, as with the “Labyrinthstellreflexe”, it can 
be proved that the stimulus is strongest when the otolith hangs, and 
weakest or nothing at all when the otolith presses. 
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In the rotatory deviations the relations are much more compli- 
cated than. with the tonie labyrinth reflexes hitherto discussed. A 
fuller discussion would, however, claim more space than we have 
at our disposal, for which reason we shall merely mention the 
results which the different considerations have led to. 

The rotatory deviations of the eyes found with the compensatory 
eye positions may perhaps be explained by tlıe following hypothesis. 
The foremost sacculus corners have their own innervation, are bent 
laterally and thereby lie almost in one frontal plane. Each sacculus 
corner has a functional connection with the obliquus sup. and inf. 
of both eyes. When the otolith hangs from the sacculus eorner, the 
oblig. sup. of both eyes are the most strongly contracted and the 
oblig. inf. the most relaxed. When the otolith presses upon the 
saceulus corner, it is the obliq. inf. which is most contracted and 
the oblig. sup. most relaxed. As the sacculus corners lie almost in 
the same plane, no distinet change in the position of the maxima 
and minima are to be found after uni-lateral extirpation. As each 
sacculus corner influences the oblig. sup. of both eyes similarly and 
the obliqg. inf. reciprocally, the rotatory deviations remain qualita- 
tively unchanged after uni-lateral extirpation, and are reduced quanti- 
tatively to about the half. 

Thus, with the rotatory deviations, it is not clear that the hanging 
otolith exercises the strongest and the pressing otolith the weakest 
stimuli, but it seems as if stimuli, even though opposed, are caused 
by hanging as well as by pressing otoliths. 


SUMMARY. 


By means of a model, constructed in the Anatomical Institute of 
Utrecht, of the otolithes in their correct position in the rabbit-skull, 
an examination has been made as to whether the different tonie 
labyrinth reflexes night be otolith reflexes. Experimentally in all 
tonie labyrinth reflexes the position of the head has been determined, 
whereby these reflexes have their maximum and minimum. The 
following conclusions were arrived at: 

1. The tonie labyrinth reflexes upon the muscles of the body 
proceed from the utriculi. One utrieulus macula is connected with 
the museles of both extremities; but, on the contrary, with the neck 
(and trunk) muscles of one side of the body only. 

2. The “Labyrinthstellreflexe” are reflexes of the sacculus. Whether 
the utrieuli also play a part is not certain. 
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3. Compensatory positions of the eyeball. 

a. The vertical deviations are saceulus reflexes and are caused 
by the main portion of the sacculus macula. One sacculus macula 
is connected with the rectus sup. of the same side and with the 
rectus inf. of the crossed side. 

d. The rotatory deviations are probably produced in the sacculus 
corners, which have their own innervation. 

Stimuli proceed constantly from the maculae and do not alter as 
long as the otolithes do.not alter their position with respect to the 
horizontal plane. When the otolith stands horizontally, the strongest 
or the weakest stimuli are excited. | 

In the case of the saceulus otolithes it can, with respect to the 
«Labyrinthstellreflexe” and of the vertical compensatory deviations 
of the eyes, be proved with certainty, that the strongest stimulus 
occurs when the otolith is hanging. 

For the saceulus corners, on the contrary, things are somewhat 
more complicated, and the stimmuli oceur when the otolitbes press 
as well as when they hang. 

As our investigation is at present concerned with the rabbit, the 
above holds good only for this species. 


B. Isolated removalofthe otolithesin guinea-pigs. 


As has appeared from this and former communications, the dif- 
ferent labyrinth reflexes may be divided into the following groups.- 

a. Reflexes upon movement. 

1. Reactions and after-reactiions of the head and eyes upon 
rotatory movements. 
2. Reactions upon progressive movements. 
b. Tonic labyrinth reflexes. 
1. Tonic reflexes upon the muscles of the body. 
2. “Labyrinthstellreflexe’”. 
3. Compensatory positions of the eyeball. 

As regards the reactions and after-reactions upon rotatory move- 
menis, these have long been known and are justlv regarded by all 
researchers as reflexes, of the semi-eirceular canals, 

It was demonstrated above that the different tonie labyrinth reflexes 
are probably otolith reflexes, and also that different otolithes may 
be held responsible for the different reflexes. 

But little experimental research has hitherto been devoted to the reactions 
upon progressive movements. For some classes of animals, however, we were 


able to demonstrate certain reactions upon Progressive movements dependent 
on the labyrinths. As the following investigations have been carried out 
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upon guinea-pigs, the reactions found in these animals may be shortly 
recorded here. 


Lift reactions. 

The animal sits in a normal posture upon a plank held horizontally. Ifthe 
plank be moved vertically upwards, it will be seen that atthe commencement 
of the movement the fore-Jegs are bent sharply and the head droops. 

When the movement of the plank ceases, the fore-legs will be stretched 
straight out, the fore part of the body is lifted, and frequently too the head 
is bent backwards. In strong reactions the hind-legs act too, till finally the 
animal stands upon its four extended legs. The reverse reaction takes place 
when the movement is downwards. When the movement commences, the 
extremities, and especially the fore-legs, are extended, and the front part of 
the body raised. On the cessation of the movement, the fore-legs are bent 
and the head and front part of the body droop towards the plank. 


Muscular vibrations. 

The animal is held vertically in the air with the head upwards, the thumb 
and little finger of the. left hand lie round the belly, the fore and third fingers 
support the fore-legs, with the hind-legs resting upon the palm of the hand, 
while the thumb and forefinger of the right hand rest upon the neck and 
shoulders of the animal. The head is in the normal position. One must wait 
until the animal is perfectly quiet and the fingers of the right hand no longer 
feel any muscular vibrations in the shoulder and neck muscles. Then, if the 
animal be moved vertically (up and down), or horizontally (ventrally, dorsally, 
to right and left), the right hand during these progressive movements will feel 
a distinct muscular vibration. Closer attention will reveal that here, too, the 
vibration takes place at the commencement and end of the movement. 


The spreading of the toes. 

The guinea-pig is held vertically in the air, the right hand under the arm- 
pits with the palm of the hand turned towards the back of the animal. The 
toes of the hind feet are then carefully stroked together. If the animal be 
then moved even very slightliy downwards, the toes of the hind feet will 
immediately spread apart. 

The reaction can be demonstrated with most, though not with all animals, 
and occurs at the beginning of the movement. If the animal be moved in 
the same way upwards, the toes will also be spread, this occurring some 
times at the commencement and sometimes at the close of the movement, 

All these reactions upon progressive movements are dependent upon the 
labyrinths, and are not visible after a double labyrinth extirpation. We cannot | 
enter here into details, neither can we discuss the precautions to be observed 
in the investigation. These will be given in more detail later, when also 
some other labyrinthic reactions upon progressive movements will be described. 


As was mentioned above, Mac# and Brever believed on theoretical 
considerations that it was physically impossible that the semi-eircular 
canals had anything to do with these reactions, and therefore came 
to the eonelusion that only the otolithes were accountable for these 
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reactions. These considerations, however, Mach and BREUER based 
upon the presupposition that the semi-cireular canals are a closed 
system with firm walls and filled with fluid, so that no endolymph 
eurrents could be expected in progressive movements. In this they 
overlooked the fact, however, that the endolymph of the semi-eircular 
canals is connected by the ductus endolymphaticus with the saceus- 
endolymphaticus which lies in the eranial cavity, and also that the 
perilymph is not surrounded everywhere by a firm wall, but that at 
two parts there are elastic membranes, viz. the foramen rotundum 
and the foramen ovale. 

From researches made with the help of a model constructed with 
due regard to the above by Prof. Orssteın and Dr. Bursen, it 
appeared that under these circumstances with progressive movements 
endolymph ceurrents might well occur in the endolymph. 

Thus it remained an open question whether the reactions upon 
progressive mutions are reflexes of the semi-circular canals or of 
the otolithes. 

It therefore became desirable to find a method whereby either 
the canals or the otolithes could be isolated. The latter proved to 
be possible by employing a method of Wırtmaack’s, whereby normal 
guinea-pigs are centrifugated in ether narcosis at a speed of 1000 
.metres per minute. Previous to the centrifugation, all the animals 
to be experimented upon were carefully examined as to all labyrinth 
reflexes in accordance with a certain scheme, and the result recorded. 
The same examination was repeated after the centrifugation and 
successively on the following days, so that the complete historia 
morbi of each animal was obtained in this way. A clinical diagnosis 
was tlıen made regarding the condition of the canals and the various 
otolithes, based upon the above-explained views regarding the function 
of the semi-cireular canals and the otolithes. After this the animals 
were killed, the labyrinths fixed, and later carefully examined 
microscopically in series-sections. In this way, it was possible to 
compare the clinical and the anatomical diagnoses with each other. 

The results obtained may be summed up as follows; for particulars 
we refer again to the detailed communication to be published later. 


SUMMARY. 


1. By centrifugation of normal guinea-pigs, according to WITTMAACK’S 
method, it was found possible to bring about in many of the animals 
tested a condition in which the labyrinth reflexes upon movement 
are normal (reactions and after-reactions of head and eyes upon 
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GUINEA-PIG 8, a. GUINEA-PIG 8, b. 


Risht sacculus and right utriculus without mem- 
branes. The tossed off sacculus membrane in the 
sacculus cavity. 


Left sacculus without membrane. 


GUINEA-PIG 8, c. GUINEA-PIG 8, d. 


Left sacculus and left utriculus without mem- Right utriculus without membrane. 
branes. The tossed off sacculus membrane in the 
cavity of the sacculus. 
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rotatory movements and reactions upon progressive movements), 
while all tonie labyrinth reflexes of the position are lacking. 

2. If these animals be kept alive for some days, and examined 
every day as to their labyrinth reflexes, it can be seen that in some 
animals this condition remains unaltered, while in others the tonie 
labyrinth reflexes return partially or even wholly. 

3. A histological examination of one animal, where a complete 
recovery had taken place, showed that all the otolithes were in 
place with the exception of one utrieulus otolith, which appeared 
to be injured. This last, however, was in entire accordance with 
the phenomena found celinically. The apparatus of the semi-eircular 
canals was likewise intact. 

4. In one guinea-pig which, after two days, showed intact labyrinth 
reactions upon movement (reactions and after-reactions upon rotatory 
movements and reactions upon progressive movement), but, on the 
other hand, no tonie labyrinth reflexes, all four otolithes were found, 
upon histological examination, to be torn off, and were found in 
other places iu the labyrinth, while the canals with the cristae 
appeared to be intact. 

It follows from the above data that: 

5. The labyrinth reflexes on movement, and in particular the 
reactions and after-reactions of head and eyes on rotatory ınovements, 
are reflexes of the semi-circular canals, and may be excited even 
when the otholithes are lacking. 

6. The same holds good for reactions upon progressive movements. 

7. On the other hand, the tonie labyrinth reflexes (tonic labyrinth 
reflexes upon the muscles of the body, ‘“Labyrintbstell-reflexe’”’ and 
compensatory positions of the eyeball) are otolith-reflexes, which 
cannot be produced after the destruction of the otolith membranes. 

8. In many cases, directly after the centrifugation, the function 
of the otolithes is temporarily suspended owing to the strong mechanical 
influencees upon the specifical heavier otolith membranes, even 
though the otolith membranes themselves still lie in their right places. 
The function is only restored after various lengths of time. 

9. It thus appears froın. these and previous data, that the reflexes 
upon movement (reactions and after-reactions of head and eyes upon 
rotatory movements and the reactions on progressive movements) are 
excited by the semi-eircular canals, while the otolith apparatus must 
be held responsible for the tonic labyrinth reflexes (tonie labyrinth 
reflexes on the mauscles of the body, “Labyrinthstellreflexe’’ and 
compensatory positions of the eyeball). 

10. This naturally does not exclude that the otolith apparatus 
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can be stimulated also by certain kinds of motion (centrifugal force, 
inhibition in rapid progressive motions). 

Finally some mierophotos are reproduced for the further elucida- 
tion of the above. 


Guinea-pig 2. 

After the centrifugation of this animal the following clinical diagnosis was 
made: All the labyrinth reflexes were present in a normal state. As, before 
the centrifugation, the animal turned its head to the left when held up by 
the pelvis with the head downwards, it had to be assumed that the right 
utriculus had functioned before the centrifugation rather more than the left 
one. After the centrifugation no further difference in the functioning of the 
two utriculus otolithes was found, so that it seemed probable that the right 
utriculus had been injured by the centrifugation. Further it had to be expected 
that all the otolithes, as also the semi-circular canals, were intact. 

The histological examination revealed the following facts: 


Semi-circular canals with cristae normal. 


Risht sacculus (Fig. 2a.) quite intact. The photo shows the right 
sacculus greatly magnified; the sensory epithelium with the intact otolith 
membrane can be seen. 

Left sacculus (Fig. 25.) also quite intact. In the photo the intact otolith 
membrane can be seen slightly magnified. j 

Risht utriculus (Fig. 2e.), as was to be expected, was partly injured. 
In the photo the otolith membrane can be seen in the region of the greatest 
lesion, the part of the membrane that is turned towards the semi-circular 
canals is still Iying normally upon the sensory epithelium, the other portion - 
of the membrane has been torn off from the sensory epithelium. 

Left utriculus. (Fig. 2d.) quite intact. In the photo the sensory 
epithelium can be seen covered by the normal otolith membrane. 


Thus we see complete accordance between the clinical and the 
pathologic-anatomical diagnoses. 


Cavia 8. 


In this animal it appeared after the centrifugation that all the labyrinth 
reflexes upon motion, i.e. the reactions and after-reactions of head and eyes 
upon rotatory movements and the reactions upon progressive motion, were 
present in the normal way, whereas the tonic labyrinth reflexes were all 
lacking (tonic labyrinth reflexes on the muscles of the body, “Labyrinthstell- 
reflexe”’ and compensatory positions of the eye). 

The clinical diagnosis was as follows: 

Semi-circular canals with ampullae intact; otolithes all tossed off. 

Histologically the following was found: 

Right sacculus (Fig. 8a.): The otolith membrane proved to be entirely 
tossed off. In the photo the sensory epithelium can be seen slishtly magnified 
without otolith membrane, while the torn off membrane can be seen in the 
corner of the sacculus. 

Left sacculus (Fig. 85. and 8c): In fig. 85 the sensory epithelium of 
the left sacculus can be seen more strongly magnified.- Nothing is left of an 
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otolith membrane; the difference between this and fig. 2a., where a normal 
membrane is present, is clear. In fig. 8c. the sensory epithelium of the 
sacculus, without otolith membrane can also be seen slightly magnified, 
while the torn off membrane lies in the corner of the sacculus. 

Risht utriculus (Fig. 8d.) In this photo, more strongly magnified, the 
sensory epithelium of the utriculus can be seen covered with some fragments 
of the otolith membrane in $Sranular form. (Compare fig. 2d. with normal 
otolith membrane). The torn”off membrane itself was found in the posterior 
vertical semi-circular canal (Fig. 8e.). 

Left utriculus (Fig. 8f.): We see here, slightly magnified, the sensory 
epithelium of the left utriculus covered with a few $ranules. The torn off 
membrane was also in this side found in the posterior vertical canal (fig. 8g. 
with the posterior vertical and with the horizontal canals). 

Semi-circular canals with cristae quite intact. (The torn off 
otolith membrane in the posterior vertical canals). 


Thus here again is the most absolute agreement between the 
elinical and the pathologic-anatomical diagnoses. 

Three other cases, not described here, showed the same complete 
agreement between the clinical and the mieroscopical investigations. 


Pharmacological Institute of the Utrecht University. 


Mathematics. — “On elemenlary surfaces of the third order”. 
(Fifth communication). By Dr. B. P. HAALMEIER. (Communicated 


by Prof. Hexprık DE Vrıks). 
(Communicated at the meeting of November 27, 1920). 


Some remarks from professor FeLıx Kırın caused ıne to go once 
more through my former communications on this subjeet '), which 
investigation showed me that several places require correeting and 
supplementing. F 


$ 1. For surfaces of the third degree with 3 or 7 real lines’) 
there are systems of planes, which, as far as the real part of the 
section is eoncerned, have only one line in common with the surface. 
Only a very artifieial interpretation would enable us to bring these 
surfaces under our definition of F* (comm. l.p. 102 and 103). This 
difficulty disappears when point 2 of that definition is replaced by 
the following condition (also preferable for other reasons): All plane 
sections which exist, are elementary curves, amongst which the third 
order oceurs, but no higher order. 


With regard to the counting of lines, we prescribe the following: 

A line a is considered iriple (resp. double) in a plane a, if every 
line d (Fa) of «a is limiting element of a sequence of lines, situated 
in one plane and each of which has 3 (resp. 2, but for no sequence 3) 
points in common with F®, which points converge towards the point 
of intersection of a and b. 

In all other cases a is considered single in «a. 

The number of times a is counted on F? we put down as1, plus 
1 for every plane in which a counts double, plus 2 for every plane 
in which @ counts triple. 


Theorem: No plane section of F* is of the second order. 
Such a section would have one of the follewing forms: 
1. Isolated point. 

2. Oval. 

3. Two different single lines. 

4. One double line. 


') These Proc. Vol. XX, p. 101—118, 304—321, 736--748 and 1246— 1253 
?) Line stands [or straight line. 
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First case. Let A be the point and «@ the corresponding plane. 
There exists a plane & with a section of the third order and this 
plane passes through A as a curve of. the third order has at least 
1 point in common with every line of its plane. The curvein ß has 
only A in common with «, hence this ceurve passes at the point A 
from one side of « to the other. Then however the plane « divides 
the vieinity of A on F* into two parts with only one common limiting 
point (A), and this contradiets point 1 of the definition of F®.'). 


Second case. Let « be the plane of the oval, a a line intersecting 
the oval at two different points A and B aud 3 a plane through a. 
Suppose the curve in ß is of the third order, then one of the points 
A and B, for instance A, counts double as point of intersection 
with a. This is possible in three ways: 

The curve in & has a for tangent at A. 

A is cusp in ß, both branches coming from the same side of «. 

A is ordinary double point, two branches coming from each 
side of «@?). 

The two first possibilities do not agree with theorem 1 p. 311 
comm. 2,°) for in « A is ordinary point of intersection of the oval 
and a, and in ß we can find lines converging towards a without 
carrying points of F* converging towards A. 

Remains the third possibility. The two branches departing from 
A in a are connected both above and below «. The sector which 
forms the connection above « cannot have ß for tangent plane along 
a branch in $, for in that case an infinite number of lines in ß 
would belong to #*- *) It follows that this sector crosses ß twice and 
this is impossible as it connects two branches situated on different 
sides of ß. 

We conclude that the curve in ß cannot be of the third order, 
hence it must obviously be of tbe second. The only condition imposed 
on ß was that this plane has two different points in common with 
the oval in «. On the other hand there exist lines carrying 3 different 
points of F®. Let y be a plane through such a line and intersecting 
the oval in « at two different points. In y the curve must beofthe 


1) An analogous case was minutely dealt with in comm. 1 p. 104 and 105. 

2) In case the curve in £ consists of a double line through A and a single one 
through B, we can at once find another plane through a with a curve of the 
third order and without a double line. 

3) The demonstration there given made use of point 2 of the definition of F3 
only so far as sections of order higher than ihe third were excluded. 

4) This also holds when the curve in $ has degenerated. 
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second order, but at the same time have 3 different points in common 
with a line and this of course cannot be. 


Third case. Let a be the plane, d and c the lines and A their 
point of intersection. If we exelude the point A, then along the rest 
of db the seetors of F° meet either everywhere from the same side, 
or always from opposite sides of «'). The same holds for ce. Now 
if the sectors meet from the same side of « both along b and c, 
then an infinite number of lines of « is contained. in Z*. If the 
sectors meet from the same side along 5b and from opposite sides 
along c, then, according to our definilions, b counts double in «, 
hence the section would be of the third order. Remains tlıe possi- 
bility that along 5 as well as c the sectors meet from different sides 
of a. Let d be an arbitrary plane, not containing A, a the line of 
intersection of d and « and B and ( the points of interseetion of 
a and c resp. b. The curve in d crosses a at B and C’ and has 
no further points in common with a. For a curve of the third order 
this would imply that either B or C’is double point and the reasoning 
used for the second case reduces this to a contradietion. Hence the 
curve in d is evidently of the second order. On the other hand there 
exist lines not passing through A and carrying 3 different points of 
F*. Tbus in a plane through one of these lines and not containing 
A we have once more constructed an impossibility. 


Fourth case. Let « be the plane and a the double line. Along «a 
the sectors of F’* meet either everywhere from the same side, or 
always from opposite sides of «. The forıner is impossible as the 
space in which we work is supposed to be projective, and the 
latter would imply that through every line (Za) of « a plane 8 
passes with a donble point on a. This obviously would mean two 
lines in 8. Hence F* would contain an infinite number of lines, a 
possibility exceluded throughout. 

This completes our demonsträtion. 


From the preceding theorem follows that a plane « with a double 
line a contains besides a single line 5. Let a and d interseet at A. 
We proceed to show that along a (point A ewcluded) the sectors of 


') Every point of b (£ A) is internal point of an interval along which the 
sectors meet either from the same or from opposite sides of &. Exeluding an - 
arbitrarily small open segment of d round A, a finite number of these intervals 
exist, such that every point of the rest of 5 is internal to at least one of them 


(BorEL-theorem). From this the property under consideration follows at o 


the entire line 5b (excluded point A). Nr for 
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F* meet everywhere from the same side of «. Suppose a carries a 
point P, such that the branches meeting on a at P are connected 
on both sides of «. Then there exists a plane through P, not con- 
taining a and in which P is double point. The reasoning used for 
the second case (p. 921) again reduces this to a contradietion. Hence 
every point (7 A) of a is internal to an interval along which the 
sectors meet from the same side of «. The note at the bottom of 
the preceding page completes the demonstration. 

Along a triple line in « the sectors obviously meet everywhere 
from opposite sides of «. 


$ 2. In this $ we intend to give some corrections and additions 
to comm. 3 (p. 736— 748). 

p- 740 and 741. The reasoning sub II (p. 740) is incomplete and 
starting at line 3 (p. 741) to be replaced by the following: Let d, 
turning round c, converge towards a, first from one and then from 
the other side. In both cases the loop of the curve in d contracts 
towards A, for if the loops converged towards a finite segment of 
a, then each of the converging planes would contain 3 branches, 
with only one common point (A) and breadths larger than some 
finite constant. These would converge towards a single linesegment 
in the limiting plane, which eircumstance contradiets.the assumption 
that #* is a twodimensional continuum. Hence only the prineipal 
branches of the enrve in d converge towards a. 

We consider a certain plane d. Let AP, AQ and AR be the 
branches departing in d on the same side of c, AQ really being the 
middle one. The two semilines in which A divides a, are connected 
on that same side of « by a sector which crosses d along the 
branches AP, AQ and AR successively. If d converges from the 
one side towards «, the outside branch on the side of AP converges 
towards a and turning d in the opposite direction, the branch corre- 
sponding to AQ merges in a. In both cases this is a principal branch 
and as one of the outside branches belongs to the loop, there must 
somewhere be a change from prineipal branch to loop branch, and 
this means a degeneration. This contradiets the assumption that a 
is the only line of F* through A. 


p. 743 line 11 says: “If A is the only limiting point, then the 
contracting ovals would give to A the character of a point of a 
twodimensional continuum”. Here it has been overlooked that A does 
not belong to tlie contracting region, defined by the ovals on F®, 


but to these ovals themselves. This necessitates further consideration 
60* 
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of the case. In every plane through a (# e) lies an oval touching «a 
at A. Degeneration being excluded, the branches departing from A 
on the oval, cannot pass from one side of a to the other, unless 
their plane passes e. Let the semiplane in which the oval touches 
a, first turning one way and then the other, converge towards 
&. If in both cases the ovals contracted towards A, then they 
would sufliee to give to A the character of a point of a two- 
dimensional continuum and a sequence of points on a with A for 
limiting point could not be fitted in anymore. 

Considering & has only a in common with F° there remains as 
only possibilitiy that when their plane turns one way, the ovals 
contract towards A and in the other case towards the entire line a 
(from both sides with branches connected via the line at infinity). 
This means that A is cusp in every plane not containing a and 
that every other point of a is point of inflexion in every plane 
not containing a, with all tangents situated in e. Hence A is unı- 
planar point and the vicinity on F' forms a twodimensional 
continuum. According to our definitions a counts triple in e. Evidently 
F® contains no further lines and as a counts single in every plane 
apart from &, the total number of lines on F* is 3. The numbers of 
lines being the principal object of the present investigation, we 
exclude this case in what follows. 


Above we excluded degenerations of the oval in planes through a 
(# e) on ground of the assumption that no second line of F* intersects 
a. If we only assume that no second line passes through A, then it 
is possible for the oval to degenerate in two lines of which one 
coineides with @ and the other does not pass through A. Then in 
a plane turning round a from the starting position & the following 
changes take place: At first ovals have a for tangent at A, these 
ovals extend and in a plane x occurs the generation in a and a 
line not containing A. After that we find ovals again touching a 
at A(but now from the other side) and when their plane converges 
towards &, these ovals once more contract towards A. It can easily 
be shown that no further degeneration takes place. A is another 
kind of uniplanar point, with twodimensional vieinity on #*. In plane 
ax line a counts double. In e line a counts single and A can be con- 
sidered as a point-oval. From the foregoing follows directly that F? con- 
tains no further lines. The second line obviously does not count 
double in any plane. It can also be easily shown that it does not 
count triple in more than one plane, but we leave undeeided if this 
can happen in one plane. Hence the total number of lines on F* is 


A 
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3 or 5 (and we leave undecided whether the case of 5 can oecur 
The oceurrence of points as here described is again excluded in what 
follows. 


Comm. 4 p. 1247 line 14 we used some results of comm. 3. 
These were deduced for points through which passes only 1 line of 
F* and the application on points through which 2 lines pass, causes 
incompleteness. Besides the note at the bottom of p. 1248 is not 
quite correct. On these grounds comın. 4 requires alterations. One 
of these will appear to be the extending of the numbers 3, 7, 15, 27 
before mentioned to 3, 5 '), 7, 9, 15, 27. 

We shall now start on a minute consideration ($$ 3 and 4) of 
points through which pass 2 or more lines of F*. This will permit 
us to deal separately with several singularities. In the last part ($ 5) 
we intend to point out further changes necessary in comm. 3 and 4. 


$ 3. On points through which pass 2 different lines of F*, but 
not 3 different lines situated in one plane. 

Through A pass the lines BD and CE in a (fig. 1). We distinguish 
2 cases: 

1. Neither line counts double in a. 

2. One of the lines counts double in e. 

In the first case «a contains a third line, not passing through A 
and along each of the 4 branches departing from A in «, the sectors 
of F* obviously meet from opposite sides of «a. It is easily shown 
that each of these branches is connected with both surrounding ones, 
the sectors lying alternately above and below a. 

In the second case let C'E count double. Then along AC the 
sectors meet from one side of a and along AZ from the other (via 
the point at infinity this is the same side). Along AB and AD the 
sectors meet everywhere from opposite sides of «. Here also it is 
easily shown that each of the 4 branches meeting at A in a, is 
connected with both surrounding ones, 2 successive sectors now lying 
above and the other 2 below «. 


First case. Let AB be connected with AC and AD with AB 
above @ by / and /// respectively, and below @ AU with AD 
and AZ with AB by /l and /V. To begin with we assume that 
all plane branches departing from A on F? touch « at A. Then in 
every plane, containing neither BD nor CE, A is ordinary point 
with tangent in «. We proceed to show that in a plane $ (Fe) 


) Further investigation will probably show that the number 5 can be left out. 
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througı. BD (or CE) no further branches depart. from 4. Suppose 
a further branch leaves A in .ß, then ß contains an oval having BD 
for tangent at A. Let this oval depart from A above .«. Let AF and 
AH be the branches of this oval and let AF depart on I,then AA 
is situated on III, for the assumption that both lie on I at once 
gives a contradietion when we consider the section in a plane (Z e) 
through RS (fig. 1). Now let $ turn round BD, in such a way 
that the top part moves towards AC, then in every_position before 
a is reached, a branch departs from A on J and we keep ovals, 
touching BD. From this it follows that in all these planes 8 the 
lines through A not coineiding with BD, carry only 1 other point 
of F*. Now this is impossible as in every plane not containing BD 
or CE, A is ordinary point with tangent in « and if this tangent 
be slightly turned in that plane round A, we obtain 3 different 
points of intersecetion with FP®. 

A point A as here deseribed we call normal point of intersection 
oflalınesuon Pia 


"We shall’now consider the alternative, that a plane branch departs 
from A not having « as tangent plane at A. Let us first assume 
that a third line of F* (not situated in «) passes through A. Let this 
line depart above « on / and below « on I/II. Let 8 denote the 
plane through this line and BD. If every vicinity of Ain contains 
points of 7/21 + IV then the curve in ß is composed of 3 lines 
through A, which case shall be dealt with later. Kemains the possi- 
bility that 771 + AE+ IV is situated entirely on one side of ß. 
Then however of the 4 branches departing from A in ß, two opposite 
ones are directly connected and this is impossible, as well when one 
of the lines in 8 counts double, as when both count single. : 
Let & branch departing from A and not having « for tangent 
plane, be situated on /, then through the line RS of a (fig. 1) 
planes can be found in which at least 2 branches depart from A 
on ], but in each of these planes at least 1 branch departs on // 
and / on /V, hence A is ordinary double point and as RS is not 
tangent, branches depart on // and IV also, for which a is not 
tangent plane. The same now follows for "III. Hence if a ıs turned 
round a Ime through A in « (£BD or CE) out of its original 
position, then at first A remains double point. ve 
‚Now let @ turn round RS in such a way that the back part 
moves upwards. We proceed to show that there cannot be a last 
position with double point in A and branches departing on /. Suppose 
a. plane ß- formed-such a last position and let AN and AM be the 
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branches on /. Let PQ be a line through A in « inside 7 BAC 
(fig. 1) and y a plane through PQ, such that the branches AM and 


Fig.äl. 

AN depart to different sides. In y a branch departs from A on / 
in front of 8. This branch has the line of intersection of Band y for 
tangent, as otherwise 8 could not be the last plane with double point 
in A and branches on /. In y also departs a branch on ///, hence 
A is double point in y with the line of intersection of y and ß as 
one of the tangents. The character of the curve in 8, however, requires 
this line to carry a point of F® different from A, hence a contradietion 
is obtained !). 

Not all planes through RS show a double point at A, for the set 
of planes with 2 branches on / and the set of those with 2 on /// 
would be separated by a plane with 1 branch on / and /// each 
and these would be lines. In every plane through RS however, 2 
branches arrive at A from below «, hence a plane $ through RS 
exists in which A is either ordinary point or cusp. Let us assume 
the first. Now let ß turn round RS, then before « is reached, A has 
become double point. The assumption that no plane through RS 
shows a cusp in A leads to an impossibility, for when ß turns, there 
cannot be a first plane with double point in A (as shown above) 
and that there cannot be a last position with an ordinary point in 
A is proved by the reasoning of comm. 1 p. 113 and 114. 

Hence there exists a plane through RS with a cusp in A. Let ß 
be this plane and TU the cuspidal tangent. 

In every plane (#«) through PQ (fig. 1), not containing TU, 2 
branches arrive at A from below on // or IV and also 2 from 


}) Somewhat analogous reasoning occurs in comm. 1. to which we do not 
always refer, in order to avoid confusion. 
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above, namely 1 on 7 and /// each, hence 4 is always double en 
For the plane through PQ and TU remains only the possibility t B4 
A is cusp with TU for tangent. From this follows again ne is 
double point in every plane through RS not containing TU. All 
this can at once be extended to the following: 

In every plane containing neither BD nor CH, A is double point, 
except in Ihe planes through TU, and in these A is cusp with TU 

i ent. 

RE that no line through A carries -2 other points of E, 

There remain to be considered the sections in planes through BD 
or CE. If such a plane does not. pass through TU, then it obviously 
contains a non-degenerated oval through A. For a plane through 
TU and one of the lines in « we shall show that the entire section 
is situated on the line in «. Let us consider the plane $ through 
CE and TU. The restcurve (that is the eurve minus CE) cannot 
contain a line different from CE, for TU has only A in common 
with F* and no third line passes through A. Neither can P contain 
an oval not passing through A, as no line through A carries 2 other 
points of F®. If there is an oval through A, then TU is tangent at 
A. Let the branch AV of this oval fig. 1) depart on / (above a). 
Branches leaving from A on / all depart behind the plane through 
RS and TU. This holds for every line RS inside / BAE, hence 
no branch departing from A on / has a semitangent at A situated 
outside trihedron AUCB. The branch AV cannot be isolated on 
the frontside (that is the side on which D lies) of the plane ß 
(through ÜE and TU), hence on that side of B, AV is connected 
with AC. Let y be a plane ihrough BD, such that AC and AU 
lie on different sides, then in this plane a branch departs from A 
on the subsector of I joining AV to AC and the line of intersection 
of $ and y is tangent to this branch (as no semitangent is situated 
outside trihedron AUCB). This tangent would;have only Ain common 
with 7°, but in ß it carries a second point of the oval, hence we 
arrive at a contradiction. 

We thus find that the plane through CE and TU eontains no 
points of F* not situated on CE and the corresponding thing holds 
for the plane through BD and TU. Hence all tangents at A are 
situated in the planes through TU and CEor BD respectively, and 
on the other hand it is easily shown that every line through A in 
one of these planes is tangent. Hence A is biplanar point and in each 
of the tangent planes the entire section is situated on a single line. ') 


1) A good drawing representing such a 


point can be found in table IL ioi 
a note of Kıein, Math. Ann. 6, p. 551. = z Ken & 


2 u cn 
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The above results show that here F” contains no line not situated 
in a. If follows that none of the 3 lines in @ counts double in any 
plane. If none of them ever counts triple either, then the total 
number of lines on F* is 3. 

Let A and X represent the points of intersection of the third line 
in a and CE and BD respectively. For each of these points two 
possibilities exist, namely they can be normal point of intersection 
of 2 lines or biplanar point of the same type as A. If both are 
normal points, then the above described character of such points 
shows that none of the 3 lines in @ counts triple in any plane. If 
on the other hand 77 is biplanar and X normal, then the line 
AH(=CE) counts triple in the plane through TU, in which plane 
then also lies the cuspidal tangent at the biplanar point A. In this case 
the total number of lines on F* would be5'). If lastly, X is biplanar 
also, then each of the 3 lines in « counts triple in a particular plane 
and the total number of lines on F* becomes 9. 


Second case. CE counts double in a. Suppose above a AB is 
connected with AC by / and AC with AD by IT. Below a AD 
with AE and AE with AB by I/II and /V respectively (fig. 2). To 
begin with we assume that every branch departing from A has «a 
for tangent plane. Then A is point of inflexion in every plane not 
containing BD or CE. We consider a plane (Z a) through CE. If 
in this plane a further branch leaves A, then in this plane an oval 
touches CE at A. Let this oval depart from A above «a and 
let the branch leaving in the direction AZ at first lie on J. Now in 
a plane (Za) through the line AL of a (fig. 2), the branches 
departing on // and IV form a point of inflexion at A, but at least 
2 more branches depart on /, hence a contradiction has been obtained. 

Let us consider a plane $ through BD. If in 3 another branch 
leaves A, then an oval touches BD at A. Let this oval 
depart from A above «. If both branches of this oval at first lie 
on ], then we get a contradiction as above. Hence one branch AF 
would have to start on / and the other AH on I]. In $ now depart 
from A the branches AB and AD on the line and AFand AA on 
the oval having this line for tangent. Former results’) show that 
each of these 4 branches is connected with the 2 surrounding ones, 
alternately on opposite sides of $. Now AB and AD are connected 
on that side of $£ where Z lies, hence AF and AH also, but then 
inside every vieinity of A, / and // would be connected by a sector 


1) We leave undecided whether this case can occur. 
3) Comm. 3 p. 738 and 739. 
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not containing AC' or AE and this is impossible. This completes the 
demonstration that in no plane (#«) through BD or CE a further 
branch starts from A. 


Once more we consider a plane (# «) through CE. Ifin this plane 
a further branch starts from a point (# A) of CE, then an oval 
touches CE at that point, as every point (# A) of CE is isolated 
on one side of «. It can then be fairly easily shown that this 
point is uniplanar point of the second kind described in $ 2. Such 
points however, we excluded, hence we conelude that in no plane 
(#.«) through CE a further branch starts from any point of CE. 

Let the planes ß,,8,,#,.... all containing BD, converge towards 
a in such a way that the top parts move towards AC' (fig. 2). These 
planes end up by containing ovals, converging towards CZ, inter- 
secting AB and AD, and facing at these points of intersection A 
with their convex sides. For if these ovals did not so face A, then 
they would have points in common with every plane through CZ, 
and in such a plane a further branch would depart from some 
point of CE. 

A point A as here described we shall call normal point of inter- 
section of a double and a single line. 


We now have to consider the case that a branch leaves A, for 
instance on /, not having « for tangent plane. We distinguish 2 
possibilities: 

1. Through A passes no line of F*, not situated in a. 

2. Through A passes a line of F*, not situated in a. 

1. Planes through line AZ of a (fig. 2) can be found, in 
which. 2 branches depart on /, and 1 branch on II and IV 
each, and this means that A is double point with AZ as one of 
the tangents. Hence a branch starts from A on J in the direction 
AL, and it follows that in every plane (# «) througb the line AM 
of a (fig. 2) 2 branches leave from A on 2. In each of these planes 
A is double point and we conelude that no line (CE or BD) 
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through 4 carries 2 other points of F°. Evidently every line inside 
/ BAE can be taken as AM. 

Every point (# A) of CE is isolated on one side of «a, hence BD 
is the only line of F° intersecting CE. 

' In an arbitrary plane (.e) through AM, A is double point with 
a tangent in a. Let $ be-the plane through the other tangent (AM) 
and CE. The resteurve in $ contains no line different from CE, as 
BD is the only line intersecting CE. Neither can the restcurve in ß 
contain an oval not passing through A, as no line through A carries 
2 other points of F*. An oval in ß passing through A is also 
impossible as the above mentioned tangent A] would also be tangent 
to this oval, hence this oval would cross CE at a point different 
from A and this would be irreconcilable with the way in which 
the sectors meet along CE. Hence ß contains no points of F*, 
not situated on CE. It follows direetly that 8 is tangent plane at A, 
hence A is a biplanar point. 

As ß contains no. points of F* not situated on CE, BD is not 
intersected by any line-except CE. Above we found that OE has 
no line of intersection except BD, hence CE and BD are the only 
lines of F®°. It follows at once that.neither counts double in any 
plane (Ze). It can also be easily shown that neither counts triple 
in any plane. Hence the total number of lines on. F*. is 3. In what 
follows we exclude points as here described, and we leave undecided 
whether they can ocu. 


- 2. Through A passes a line 5 of F*, not situated in a. Let this 
line depart above « on /, then it leaves below « on /V, for if it 
started on ///, we could at once find an infinite number of planes 
in which 6 branches meet at A (2 on / and //I/ each and 1 on 
II and IV each) and this wonld mean an infinite number of dege- 
nerations. Besides it is evident that all branches leaving from A on 
II and I/II touch «a at that point. 

We consider the plane & through b and CE. A reasoning OR. 
gous to that of p. 926 shows that in $ a third line passes through 
A, again leaving on / and /V. Hence in $ 3 different lines pass 
through A, which case shall be treated in $ +. 


$ 4. On points through which pass 3 different lines of F°, situated 
in one- plane. 

Let A be a point throngh which 3 lines pass, situated in plane «. 
Six branches start from A in a. Along none of these the. sectors 
meet from the same side of «, for in that case an infinite number 
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of lines in « would belong to F’. Two branches, separated by a 
single one, cannot be directly connected, for if tlıe joining sector 
were situated above «, then the sector departing above « from the 
branch in between, could not be fitted in on & twodimensional 
continuum. All this leaves only 2 possibilities for connecting the 6 
branches: 

1b Every branch is connected with the 2 surrounding ones, altern- 
ately above and below «. 

2. A representative case of this possibility is that above «a. ACis 
connected with AF, AD with AE and AH with AB, and below «. 
AD with AH, AE with AF and- AB with AC (fig. 4). 

1. Suppose above « AB is connected with AC by /, AD with 
AE by Ill, and AF with AH by V, below @ AC with AD by 
Il, AE with AF by /V and AH with AB by VJ (fig. 3). To 


Fig. 8. 


begin witlı we assume that a branch departs from A, for instance 
on /, not having « for tangent plane. Then a plane through A 
inside /DAC can be found, in which 2 branches start from A on 
1. Besides one branch on /J and V each. The branch leaving on // 
does not have @ for tangent plane. Proceeding in this way we find 
“that a branch leaves on /// not touching « and lastly we show 
that the same holds for /V. Then however an infinite number of 
planes can be found in which 2 branches start on / and 27 each 
and one on // and V each. This means an infinite number of degene- 
rations, which case we exelude. 

Hence all branches starting from A have « for tangent plane. 
This means that A is point of inflexion in every plane which does 
not contain one of the lines in a, with all tangents ina. We 
proceed to show that in no plane through one of the lines in « 
further branches depart from A. Suppose in a plane ß through BE 
a further branch leaves A, for instance above a. Then in ß an oval 
(with BE for tangent) leaves on / and III. Let ß turn round BE 
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in such a way that the top part moves towards C (fig. 3), then in 
every position ? contains an oval, with BE for tangent at A and 
departing on / and //J. Every line through A in one of these planes 
has only one further point in common with F°. This contradiets 
the above obtained result that in every plane not containing one of 
the lines in «, A is point of inflexion with tangent in «, for if. the 
tangent be slightly tnrned round A, we obtain 0 or 2 points of 
intersection with F"*, different from A. 

A point as here described we call normal point of intersection 
of 3 lines situated in 1 plane. 


2. Above « AC is connected with AF (1), AD with AE (I1]) 
and AH with AB (V), below « AD with AH (II), AE wiıh AF 
(/V) and AB with AC (VI) (fig. 4). On none of the sectors 17], 
IV, V, and V/ can be situated a branch not having « as tangent 
plane, for let such a branch start on ///, then at once an infinite 
number of planes can be found in which 2 branches depart on 
J11 and one on /, II, IV and VI, each. This makes 6 in all, in 
other words it would mean degeneration. Hence in every plane 


Fig. 4. 


through A inside one of the angles FAE or EAD the line of inter- 
section with «a is one of the two tangents at the double point A. 

We consider an arbitrary plane ß through B#. In 5 a branch 
leaves A on / and another on //, both situated on the restoval. 
Let ß turning round BE converge towards «, in such a way that 
the top part moves towards /' (fig. 4), then these branches converge 
towards AF and AD respectively. If ß turns the other way the 
branches converge towards A( and AH respectively. It follows that 
a position of $ exists in which the oval degenerates, hence a line 
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PQ passes through A, not siluated in «, leaving on / (AP) and 
on II (AQ). 

We note that no line through A carries 2 other points of F° 
without belonging entirely to that surface. 

Let y denote an arbitrary plane through PQ inside / FAH. The 
part of the section in y which is not situated on /Q, can consist of: 

1. Two different lines through A. 

2. Nothing. 

3. One line through A (possibly to be counted double). 

4. An oval tonching « at A. 

No two planes y can contain a section falling sub 1, 2 or 3, for 
then an infinite number of planes through A inside / EAD could 
be found, each containing 2 lines not situated in « and having only 
A in common with F° (namely the lines of intersection with the 
2 planes y) and this is impossible considering that in all those 
planes A is double point with a tangent in «a. 

Hence it suffiees to consider 4 cases. In the first 3 all planes y 
except one, contain a non-degenerated oval and the excepted plane y 
shows a section falling sub 1, 2 and 3 respeetively. In the fourth 
case every plane y contains a non-degenerated oval. 


First case. In a plane y through PQ inside / FAH (fig. 4) the 
curve consists of 3 different lines through A. In plane & through 
PQ and BE no third line passes through A, for then sector / would 
ercss this plane twice and this cannot be as sector / comes from 
the one side of &® (AF)) and ends up at the other side (AC). Neither 
PQ nor BE can count double in ß, hence the eurve in ß consists 
of 3 lines forming & triangle. 

Almost the same reasoning holds for the plane through PQ and 
DH ') and substituting / for // and vice versa, also for the plane 
through PQ and CF. Besides for PQ can be substituted either of 
the remaining lines in y. Hence in all 15 lines on #? have been 
found, namely 6 through A and 9 others. 

From the foregoing follows at once that none of the 3 lines in 
« can be intersected by other lines as those mentioned. Also it can 
be easily shown that none of the 15 lines counts double or triple 
in any plane. Hence the total number is 15. 

Every line through A in « or y is tangent at that point and on 
the other hand every tangent is situated in « or y. Hence A is 


') DH cannot count double in the plane through PQ, for then sector II could 


not cross y three times, without passin ’ 
g more Ihan once through the 
PQ and DH. s = E 


de a 
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biplanar point and each tangent plane has 3 different lines in common 
‚with F*'). We found A to be double point in every plane not 
containing the line of intersection a of « and y. In every plane 
(Fa or y) through a, A is cusp, for in such a plane a is the only 
line having no point but 4 in common with F*. 

Points as here described are excluded in what follows. 


. 


Second case. The plane y has no points in common with F°, not 
situated on PQ. This case can be dealt with in almost entirely the 
same way as the first case’). Again A is biplanar point with «a 
and y for tangent planes. We find 7 lines, namely 3 in «a, PQand 
3 more in the planes through PQ and the first 3. Of all these, 
except PQ, it can be easily shown that in no plane they count double 
or triple. For PQ remain the possibilities that this line counts single 
or triple in y. Accordingly the total number of lines on F* is 7 or 
9. In the last case PQ carries a second biplanar point of the same 
type as A. We leave undecided whether this last case can occur. 

Biplanar points as here described are excluded in what follows. 
They are a cross-type of those immediately preceding and those 
of p. 928. °) 


Third case. In y the curve consists of 2 lines through A, on& of 
which counts double. The results of p. 931 show that through the 
double one passes a plane containing 3 different lines through A. 
Part of the reasoning given for the first case shows that this plane 
cannot contain one of the lines in «. Neither can it be situated 
inside /7 DAE or / EAF, for such planes always contain branches 
touching @. Hence the above mentioned plane would lie inside 
7 FAH. Then however the double line is the intersection of 2 
planes inside / FAH, neither of which contains a non-degenerated 
oval, and this is impossible according to the results of p. 934. 


Fourth case. Every plane y contains a non-degenerated oval with 
a for tangent plane at A. Obviously these ovals depart either allon 
[or all on //. Let us assume the latter, then these ovals contract 


) A good drawing is to be found in table III of the above mentioned paper 
of KLeis. 

2) That HD does not count double in the plane through PQ appears when we 
bear in mind that every plane (#y) through PQ inside L FAH contains an oval 
having & for tangent plane at 4. In the planes on the side of y these ovals 
depart on /, and in those on the other side of y they start on II, for otherwise 
F3 could not be a twodimensional continuum. 

3) For cubic surfaces, compare Kıeın, loc. eit, p. 557. 
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towards A when y converges towards the plane ß through PQ and 
CF, for the alternative demands the existence of points on PR. 
which can be points of inflexion with the tangent in B, and this is 
impossible as the line CF belongs to F*. Hence a fnite vieinity of 
A exists, inside which the converging planes contain no points of 
] not situated on PQ. This means that along AF the sectors / and 
IV meet from the same. side of 8, in other words CF counts double 
in ß. From this it follows that CF is not intersected by any line, 
not passing through A. In the same way as above we find the 
total number of lines on F* to be 7 (CF eounted double). A is 
biplanar point, such that the line of intersection of the tangent 
planes lies on the surface, and one of the tangent planes at Ais 
tangent plane all along this line. This case is excluded in what 
follows and we leave undecided if it can occur. 


$5 On surfaces F’ on which the singularities described above 
do not occeur. 

Except points lying on one line or no line at all, the surface can 
contain what we called normal points of intersection of 2 or 3 lines, 
and of a single and a double line. 

In comm. 3 p. 736—744 we proved (theorem 1): that every point 
on a line of F* has a tangent plane, provided this line is not inter- 
sected by any other. Above ($ 2) we already did some supplementing 
and brought forward two kinds of uniplanar points. Apart from this, 
the demonstration can, with some small self evident alterations!) be 
used to establish the following theorem: Zfa line of F* counts double 
in no plane, then every point of this line has a langent plane provided 
no second line passes through that point. 

Theorem 2 of p. 744 (comm. 3) holds, with the same demon- 
stration, when normal points of intersection are admitted. 

We pass on to comm. 4 (p. 1246-1253). As the above described 
singularities are excluded, theorem 1 (p. 1246) holds and can even 
be extended to the following: T’he lines of F* passing through one 
point, lie in one plane. 

Apart from the occurrence of a plane « in which the eurve is 
composed of a double and a single line, the rest of comm. & can 


') Example of a necessary alteration : p. 739, 3. 6 from bottom: If the rest- 
curve consisted of 2 lines, these lines would have a normal point of intersection 
at B. Hence in £ the curve would have db for tangent at B, and this cannot be 
as A is eusp in £. If the restcurve in & is a double line through B, then a slight 


turning of b round A in £ would replace B by 2 points of interseclion and this 
again is impossible, 
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remain the same (see however the errata below). In $2 ofcomm. 4 
occasionally the question arises if none of the lines can count double 
or triple in any plane. Now the case of a double line will be dealt 
with below and for a surface F? without the singularities mentioned, 
but with a line which ' counts triple in a certain plane, the total 
number of lines is-always 3. | 

We conelude.by considering the case that the eurve in a plane a 
consists of a single line a and a double line d. The normal point 
of intersection A of a and 5b has « as tangent plane. If « turns 
round a, then (according to the results of p. 933) a non-degenerated 
oval appears out of d. The points of intersection of this oval and a 
start from A to right and left, and at these points the oval faces A 
with its convex sides (anyway at first). Obviously 5 cannot be 
intersected by a line of F®? not situated in «. Hence all further lines 
intersect a. If such further lines exist, their number is at least 4, 
which brings the total up to 7. If there are still more, the oval 
degenerates in at least 4 planes through a different from a and then 
the reasoniug on p. 1251 (comm. 4) shows that F? contains lines 
which do not intersect a: a contradiction. Hence for a surface F* 
with a plane section consisting of a double and a single line, the - 
total number of lines is 3 or 7 (for it is easily shown that no further 
multiplieity can increase these numbers). 


ERRATA. 


In comm. 1, p. 102 1. 22 for: “straight line and isolated point”; 
read, ‘straight line and point-oval”’. 

In comm. 2, p. 309 1. 24—34: this part can be left out. 

p. 311 |. 12—1+: the letter (/ to be replaced by D. 

In comm. 3, p. 740 1. 25 for: “Let c be a line through A in a, 
not being tangent to the oval and not coineiding with 
a or b”’,;, read: “Let c be a line through A in «a, not 
coineiding with a or 5 (b is tangent to the’ oval)”. 
p. 742 1. 7 from bottom, for: “It follows that A must 
be cusp in every plane except a”; read: “It follows 
that A must be cusp in every plane not containing 
the line «@’. 

In comm. 4, p. 1251 1. 3 from bottom, for: “Now none of these 
last 4 points can coineide with one of the first, because 
in that case a line of F? would pass through that 
point and through the point of interseetion of d, and 
b',”; read: “Now none of these last 4 lines of inter- 

sl 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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section of c can coincide with one of the first 4, for 
in that case a line of Z/” would pass through the point 
of intersection of db, and Ö',, without being situated in 
the plane through these lines’. 

p- 1253 1. 2 from bottom, for: “cannot occur”; read: 
“can only occur”. j 


Physics. — “The. quadrupole moments of the oxygen and a 
molecules’””. By Prof. W. H. Krzsom. (Communication N’. 6 
from the Laboratory of Physics and Physical Chemistry of 
the Veterinary College at Utrecht). (Communicated by Prof. 
KAMERLINGH ÖNNES). 


(Communicated at the meeting of November 27, 1920). 


$ 1. Introduction. In Suppl. N’. 39a to the communications from 
the physical laboratory of Leiden ')it has been proved, that, as far as 
the term with the second virial coefficient, the equation of state of 
hydrogen cau be accounted for in the temperature interval between 
—+ 100° C. and — 100° C. (according to Suppl. Nr. 39e down to 
still lower temperatures) by assuming the molecules to act on each 
other as electrie quadrupoles with constant quadrupole moment’). 
Thereto the repulsions which predominate at small distances had to 
be replaced by the forces that would act when the molecules collided 
as solid spheres of definite radius. At the same time the quadrupole 
moment of the hydrogen molecules was determined. This proved 
a configuration of the two nuclei and the:two electrons constituting 
a H,-molecule to be very well possible in such a way that it has 
thedemanded quadrupole moment. By these considerations it wasevident 
that the molecular attractions can be explained for homopolar moleeules 
too by the electric forces exerted by the nuclei and the electrons 
constituting the molecules. To show this was for the moment the 
prineipal purpose of those considerations. 

A comparison of the quadrupole moment demanded by the equation 
of state with that of the Bonr-Desıse model for the hydrogen molecule 
was not made because of the many diffieulties that arise against 
this model, especially with respect to the magnetie properties.') Mean- 
while Bureers*) has caleulated the quadrupole moment of the hydrogen 


I) These Proceedings, vol. 18, p 636. 

2) The following Communication will treat the influence on Ihe second virial 
coefficient of the mobility of the electrons within the molecule, which finds its 
expression in the dielectric constant. 

3) Comp. Leiden Comm. N. 39a, p. 15, note 1. At present this difficulty has 
perhaps a somewhat smaller weight than was thought then. (Added in the trans- 
latıon). 

4) J. M. Bungers, Diss. Biden 1918, p- 186. 

r 61* 
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molecule according to BoAr-Desıye and he found a remarkable 
agreement with the value derived from the second virial eoeflicient 
(Comm. Leiden, Suppl. N°. 39a): 

from the equation uf state ') 2,03 X 10-26 (e. st. e. cm’) 

according to BoRRr-DeBIJE 2:05091077° f 

However favourable this result may be for the Bonr-DrBıJE model, 

still it seems probable that the always increasing objeetions against 
this model?) will compel us to seek for another. The caleulation 
of the quadrupole moment from the equation of state retains 
however its value. Abstracted from the incertainty caused by the 
simplifying assumption on the repulsing forces, it gives namely 
important data which will have to be taken into consideration in 
the construction of the definite model of a molecule. In this sense 
it seemed interesting to caleulate the quadrupole moments for other 
gases too. In $ 2 this has been done for oxygen and for nitrogen. 


$ 2. In the temperature interval in which the second virial coef- 
fieient has been calculated for quadrupole molecules, we possess the 
data comprised in table I for the second virial coefficienis of oxygen 
and nitrogen ?). 

The index © indieates here that the volume v in the equation 
of stale 


p=RT\1+ + “2 | 


is expressed in the theoretical normal volume as a unit‘). 

These data do not admit a control of the change of B for these 
gases with the temperature compared with that of spherical quadru- 
pole molecules. This would require more values of B espe- 
cially for higher temperatures. Let us assume for the present that 
this is the case for the considered temperature interval ’’), then they 


!) When we attend to the circumstance that the molecules are polarized in 
their mutual eleetric fields, this value will still undergo a small alteration. (comp. 
Comm. N®. 6b especially $ 4). - 

”) Comp Miss H. J. van Lezuwen, ihese Proc. Vol. XVII, N°.7,p. 1071. 3.M. 
BURGERS, these Proc. Vol. XIX, 2.p. 480. A. SoMMERFELD, Atombau und Spektra- 
llinien. Braunschweig 1919, p. 288 and 533. Frl. G. Laskı, Physik. Z S.20 (1919), 
p- 550. W. Lenz, Verh. D. physik. Ges. 21 (1919), p- 632. 

®) These numbers are taken from the caleulations by Mr. M. Danıes, phil. 
nat. docts, where for the observations of AMmAGAT were taken the virial coefficients 
given by KAMERLINGH ONNeEs in Comm. Leiden N?, 71. 

%) Comp.. H. KAMkERLINGH Onnes und W.H. KEESoM, Die Zustandsgleichung. 
Math. Enz. V. 10, Leiden Suppl. N°. 23, Einheiten b. 

5) For hydrogen deviations oceur in the corresponding interval already. 
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TABLE I. 
Oxygen Nitrogen 
IR Ba x 103 T Ba x 103 

412.6 | + 0.213 | Amacar 472.5 | + 0.690 | Amaoar 
372.6 — 0.088 . 372.455 + 0.324 R, 
293.1 -—— 0.848 OnNES & HYNDMAN 290.6 — 0.298 LEpuc 1910 
288.7 — 0.694 = 289.1 — 0.234 AMAGAT 
288.7 — 0.739 | AMAGAT 288.0 — 0,316 RAYLEIGH 
288.1 — 0.645 | Lepuc 1910 273.1 0.372 ÄMAGAT 
284.3 — 0.791 | RAYLEIGH 
273.1 — 0.812 Onnes & HYNDMAN 
273.1 — 0.928 | AMAGAT | 

| 


suffice to determine the quadrupole moment, besides the diameter 
of the molecules when regarded as spheres. 

For this purpose we take the values of B/B, for different values 
of T/Tine—o) for spherical quadrupole molecules from Comm. 
Leiden, Suppl. N’. 39a and c. 

Applying the method of the logarithmie diagrams (comp. Comm. 
Leiden, Suppl. N’. 25) we found successively: 

For oxygen: 

for the inversion temperature of the Joule-Kelvin-effeet for small 
densities: 

Tinv(e=0) = 723 (450° C), 
for the potential energy of the molecules in contact (with the qua- 
drupole axes mutually perpendicular and perpendicular to the line 
connecting the centres): 
: vz9»ı11.x 10, 
for the diameter of the molecule: 
eh 
for the quadrupole moment: 
u, = 3,55 X 1026 [e.st.e. X cm]. 
For nitrogen: 
Tin(=0) = 604, (831° C.) 
v—= 4,77 x 10-14, 
02,98 x108, 


3,500 10288 fe. st.e. X cm?]. 
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$ 3. In order to form a better judgment of the _value found 
for the quadrupole moment of oxygen we must still investigate 
whether the magnetie attraction between the paramagnetic oxygen 
moleenles eontributes considerably to B. In this case the quadru- 
pole moment ought to be smaller than the value found above with 
neglect of ıhis attraction. Calculation proves however that this 
is not the case. 

Aceording to Wrıss and Pıccarn') oxygen should possess 14 
magnetons per molecule. Tlıis involves a magnetic moment of the 
O,-molecule 

Nr | 

In Comm. Leiden Suppl. n®. 25 $ 4 has been shown that 
u — 9,47 x 10-19 should be required in order to explain the molecular 
attraetion. The real magnetic moment has ‘only z% of this value. 
Taking into consideration, that the.statistically remaining molecular 
attraction is proportional to u‘, we see that the contribution of -the 
magnelic moment to the molecular attraction does not _come_into 
consideration here. 

$ 4. We must expressly point out that the calculations of this 
communication (as well as those for H,, Leiden Suppl. n’. 39) are 
based on the supposition that the molecules collide as solid spheres 
with constant diameter. If this were not the case and if the behaviour 
at a collision should correspond to a value of o depending on the 
temperature, this would become manifest in B by terms also depend- 
ing on 7. The dependeney of B.on 7 would then no longer be 
due to molecular attraction exelusively as in this Comm. For the 
same reason the. values of the. quadrupole moments would .possibly 
have to be altered considerably. hr} 


%) P. Wiss and A. Pıooann. C..R. 155 (1912), p. 1934. 


Physics. — ‘The cohesion forces in the theory of van DER WaaLs”. 
By Prof. W. H. Kersom. (Communication N°. 65 from the 
Laboratory of Physics and Physical Chemistry of the Veteri- 
nary College at Utrecht). Communicated by Prof. KAMERLINGH 
ONnNzS). 


(Communicated at the meeting of November 27, 1920). 


$ 1. Introduction. DeBise‘) has recently shown in an important 
paper on the cohesion forces in the theory of van DER Waars that 
these may be explained in this way that one molecule in the field 
of neighbouring molecules obtains a bipole moment, and that because 
of this bipole moment it is attracted by the indueing molecule. 
DeB1JE considered especially those gases the molecules of which 
possess no spontaneous bipole moment. In the calculation he assumed 
that the field of the molecules could be treated in first approximation 
as that of a quadrupole. Evidently neigbbouring molecules will influence 
their mutual direction in such a way that the cases of attraction 
are more frequent than those of repulsion. In a preliminary orientating 
caleulation the mean mutual attraction of the molecules due to their 
own quadrupole moment was neglected. In fact, this will be allowed, 
as was already remarked by Desise, for sufficiently high temperatures. 
Then this mean attraction vanishes namely. as the heat movement 
hinders the directing influences of the molecules mutually. 

On the other hand we have shown (Comm. Leiden Suppl. N’. 39a) ?) 
that the molecular attraction in hydrogen, at least as far as to the 
second virial coeffieient, may be explained by the circumstance that 
those molecules possess a quadrupole moment, while a contribution 
to the attraction due to the mobility of theelectrons in the molecules 
was neglected. In fact, Drsis£ remarks rightly that in the caleulation 
of the molecular attraction we shall have to attend to the attraetion 
of the molecules mutually because of their quadrupole moments as 
well as to that especially treated by Dxsise and due to the polarisa- 
bility of the molecules in an electric. field. 

‘In this paper we shall discuss prineipally the influence of the 


“ » P. Desue, Physik. Z.S: 21 (1920), p. 178. 
- 2) These Proceedings, vol. 18, p. 636, See also W. H. Kresom and Miss C. 
van LEEUWEN, these Proceedings, Vol. XVII, N°., p. 1568. 
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moleeular attraetion on the equation of state, confining ourselves to 
the second virial coefficient. 

Now we may ask which of the. two mentioned contributions to 
tbe attraction will have the greatest influence on the second virial 
coefficient at the temperatures for which the measurements on the 
equation of state were made. It will appear that for these tempera- 
tures the influence of the molecular attraction in B is prineipally 
due. to the spontaneous quadrupole moments of the molecules. 


$ 2. Preliminary orientation. For shortness sake we shall denote 
by the name “quadrupole attraction” the contribution to the attraction 
due to the spontaneous quadrupole moments and by the name 
“induced attraction”” the part due to the forces exerted by the qua- 
drupoles on the bipoles that are induced in the molecules. In the 
same way we shall speak of “quadrupole terms’ for the terms in 
the second virial coeffieient due to the quadrupole attraction and 
of “induced terms’ for those caused by the induced attraction. 

Between them this important difference exists, that at high tem- 
peratures the quadrupole terms become proportional to 72, 
while the induced terms beeome proportional to 7-1. 

This comes to the same as saying that the Van DER WAALS attrac- 
tion force in the case of quadrupole attraction becomes proportional 
to T-1, whereas in the case of induced attraction they become constant. 

Now it has been shown already (Leiden Suppl. N’. 39a. See Fig. 
2 there and comp. also Leiden Suppl. N°. 39c $ 3) that for hydrogen 
the second virial coefflicient behaves more in agreement with the 
hypothesis of quadrupole attraction than with that a, == const., as 
would be demanded for high temperatures because of the induced 
attraction. Therefore we may evidently expecet that at least for 
hydrogen, the quadrupole terms prevail. 

We may compare the values derived by Desise for thequadrupole mo- 
ment under the assumption that for high temperatures theinduced attrac- 
tion has only to be considered, with the quadrupole moment found in 
Leiden Suppl. N°. 39a for hydrogen. This comparison is in agreement 
with the above conelusion. For hydrogen DeBise finds (table I l.c.) 3,20 X 
10-2, while in the Leiden Suppl. N’. 39a a quadrupole moment of 
2,03 x 10-2 has been shown to give already a quadrupole attrac- 
tion sufficient to explain the experimentally found equation of state. 
The first of the quadrupole terms being proportional to the fourth 
power of the quadrupole moment, the quadrupole moments of 


Deis£ would therefore give a quadrupole attraction that would be 
far too great. 
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The same conelusion is reached for oxygen and nitrogen, the 
quadrupole moments of which have been: caleulated in the preceding 
paper (Comm. n?. 6a) with negleet of the induced attraction: 

O,: Desise: 11,2 x 10-2, Comm. N’. 6a: 3,55 x 10-% 
N;: In) age. 3,86 „, 

The conelusion that the quadrupole attractiion for these gases 
exceeds the induced attraction is confirmed when in the caleulation 
of the second virial coefficient the induced attraction is also attended 
to. This has been done in $ 3. 


$ 3. The second virial coefficient for spherical polarisable quadru- 
pole molecules. We suppose the state of polarisation ofthe molecules 
(displacements of the electrons from their positions or paths of 
equilibrium) to be at each moment in correspondence with the field 
that surrounds the molecule at that moment. Further the molecule 
to be isotropically polarisable, so that the induced bipole moment 
has the _.direetion of the ‚electric field #£ and is equal to 

ne ee N Pe a EEE N 

The index 1 indicates nn that we have to do with a bipole 
moment, while both here and further on quantities with the index 
i are due to the electrostatie induction. 

The energy of the induced bipole in the field Z& (compare DeBiJE 
63718; 


1 
N tt er 


When the induced bipole is placed at a point P of the field of 
a zonal quadrupole A with quadrupole moment u, (Fig. 1), in such 
a way that PA makes the angle 9 with the axis of the quadru- 
pole, we find for the energy of the induced bipole 


fan 0 Los Hl. 22% (8) 


The caleulation of the second virial coefficient may be analogous 
to that of Leiden Suppl. N’. 39a $2. A pair of molecules that may 
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Fig. 1. Fig. 2. 
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be considered as Iying in their mutual spheres of action will be 
characterized again by the distance r of their centres, the angles 
9, and 9, of the quadrupole axes with the line connecting the 
centres and by the angle % (see Fig. 2). The energy of this pair 
will be obtained by adding to the quadrupole term given ın the 
cited paper: 
3 : 2 2 

gudı = — 500860, — 5 008° 0, — 15 cos’ 0, co? 0, + 

1 2(4c0s 0, cos 0, + sin@, sin @,cosy)’} . (4) 
the induced term: 


9 au,” 
N r3 


Br Isin‘ @, + sin‘ 6, + 4cos? 4, +4c0s'4,} . (5) 
Still a term might be added, due to the forces exerted by the 
two induced bipoles on each other. This term would contain «e®. 
For the moment we shall however omit terıns with «®. 
From Leiden Suppl. N*. 39a we take the notations 


v!—=—- — , o=diameter of the molecule, . . . (6) 


where for shortness sake v will be written for „u, this being the 
potential energy of the pair of molecules when in contact with the 
mentioned (l.e.) direetions of the quadrupole axes for the case that 
only the quadrupole attraction is taken into consideration. 

Further 


0° 
tz Ws ee, 
where 
v=A+Boay} Ceoa2p, ı vr 
when 


A = 2(1—3 cos? 0,) (1-3 00°’ 0,) | 
B= 16.sin 6, cos 0, sin O, cos 6, ne 
C= sin’ 0, sin? 8,. 
We now introduce 
| X= sin‘ 0, + sin‘ 6, + 4cos! 0, + 4 cos* Ge LO 
Then we have 
: 3 00° 
Mu er 20 > ja a a ee E25 
The second virial coefficient becomes 


Bo. > 
ee -P‘) ee ra 


with 
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Fi u 27 N 
—h —h . 
P le] (- a", 1) r’ sin 6, sin, dr d6, d0,dp . (13) 
eo 


00 
Developing into a series of ascending powers of A, with neglect 
of terms with a? etc., we find P’ to be split up into: 
R De a aid) 
where „P’ may be taken from Leiden Suppl. N’. 39a. After inte- 
gration with respect to r we find: 


nn ar 


3 
Nez EUR 
20 
000 


Performing this integration we obtain 


Te ii TE nn | 1+ > hv)? 16 
P=—n0.—.h TE ER i 
; h) 0° = 15V) | 2 119) 


2 1 
2 21 wwı z,(Rv)' u sind, „sind, dO dd ,dp.(15) 


and then ') 


1 4 12 a 


16 
a 0 a? tt...) . (17) 


These terms added to ;B of the Leiden Suppl. N°. 39a finally 
give: 


Erde: 
B=znr.,x0'|1 — 1,0667 (ho)? + 0,1741 (ho)... -— 


= 2,4 - hu[1 + 1,067 (Av)... ] | (18) 


$ 4. Conclusions. In the first place we may remark, that for a 
strong validity of the law of corresponding states the same value of 


_ would be required for different gases. 
6 


With DkBisE we derive {he value of « from the molecular refrac- 
tion (P,) for 2=w, while the values of o are taken from the 
Leiden Suppl. N’. 39a for H,, from the preceding Communication 
(N’. 6a) for O, and for N,. In this way we obtain: 


” a 

P, 0 [#7 03 
hydrogen 2,03 2,32 X 10-8 0,0640 
oxygen 3,98 2,65 H 0,0842 
nitrogen 4,34 2,98 r 0,0646 


!) The first term of this result corresponds to a value for the vAN DER WAALS 
attraction constant a that perfectly agrees with that given by DeBuE (l. c. 
equation (18)). 
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For hydrogen we have then: 


BB En Bar, | 1 — 1,0667 (Av)? + 0,1741 (Av)! ... — 


— 0,1536 hv — 0,1638 (ho)" ...). . a Yan) 


For nitrogen the last row of terms is only slightly different, for 
oxygen somewhat more. 

The values of 6 used here being derived from- caleulations in 
which the induced attraction has not been attended to, this expression 
for B may be regarded as a first step only in a series of succeeding 
approximations. In the Leiden Supplement ‘N’. 39a, the value of 
hv in the Jovuse-KeLvin point of inversion has been calculated starting 
from egation (19). When we wished to do this here, we should 
first have to derive still some terms for the “induced part” of B. 
After this the experimental values of T’in»(,—o) and D;n, would give 
us corrected values for v and 0... We may expect the alteration 
of o in consequence of this correction to be rather small, so that also 
the change of equation (19) due to it will be not considerable. 

In this communication we will however confine ourselves to the 
following statement: A comparison of the terms in question shows 
that at least for the mentioned gases, unless the temperature be 
very high, the “guadrupole attraction” has considerably more in- 
fluence in B than the “induced attraction”. For gases as the above 
the cohesion forces introduced by van DER Waars into the equation 
of state may therefore be ascribed principally to the forces exerted 
by the molecules on each other because of their quadrupole moments 


Mathematics. — “/Intuitionistische Mengenlehre” *). By Prof. L.E.J. 
BROUWER. in 


(Communicated at the meeting of December 18, 1920.) 


Im folgenden gebe ich eine referierende Einleitung zu den 
beiden Teilen der Abhandlung: „Begründung der Mengenlehre un- 
abhängig vom logischen Satz vom ausgeschlossenen Dritten”, welche 
ich im November 1917 bzw. Oktober. 1918 der Akademie vorgelegt 
habe. 

Seit 1907 habe ich in mehreren Schriften *) die beiden folgenden 
Thesen verteidigt: 

I. dass das Komprehensionsaxiom, auf Grund dessen alle Dinge, 
welche eine bestimmte Eigenschaft besitzen, zu einer Menge vereinigt 
werden (auch in der im später von ZERMELO gegebenen beschränkteren 
Form °)) zur Begründung der Mengenlehre unzulässig bzw. unbrauchbar 
sei und nur in einer konstruktiven Mengendefinition eine zuverlässige 
Basis der Mathematik gefunden werden könne; 

II. dass das von Hırserr 1900 formulierte Awiom von der Lösbar- 
keit jedes Problems‘) mit dem logischen Satz vom ausgeschlossenen 
Dritten äquivalent sei, mithin, weil für das genannte Axiom kein 


tl) Unter demselben Titel ist ein im wesentlichen gleichlautender Aufsatz im Bd. 28 
(1920) des Jahresberichtes der Deutschen Mathematiker- Vereinigung erschienen. 

2) Vgl. „Over de grondslagen der wiskunde”, Inauguraldissertation Amsterdam 
1907, besonders auch die beigefügten Thesen; „De onbetrouwbaarheid der logische 
principes”, Tijdschrift voor wijsbegeerte 2 (1908), abgedruckt in „ Wiskunde, waar- 
heid, werkelijkheid”, Groningen 1919; „Over de grondslagen der wiskunde”, 
N. Archief v. Wisk. (2) 8 (1908); Besprechung von MAnnouRY, „Methodologisches 
und Philosophisches zur Elementarmathematık"”, N. Archief v. Wisk. (2) 9 (1910); 
„Intwitionisme en formalisme”, Antrittsrede Amsterdam 1912, abgedruckt in 
„ Wiskunde, waarheid, werkelijkheid”, obengenaunt; „Iniuitionism and forma- 
lism”, Amer. Bull. 20 (1913); Besprechung von SCHOENFLIES-HAHN, „Die Ent- 
wıckelung der Mengenlehre und ihrer Anwendungen”, Jahresber. d. D. M.-V.23 
(1914); „Addenda en corrigenda over de grondslagen der wiskunde", Versl. Kon. 
Akad. v. Wetensch. Amsterdam 25 (1917), abgedruckt in N. Archief v Wisk. (2) 
12 (1918). 

3) Vgl. Math. Ann. 65, S. 263. 

s) Vgl. z. B. Archiv d. Math. u. Phys. (8) I, S. 52. Nach der hier geäusserten 
Ansicht HILBERTs entspricht das Axiom einer von jedem Mathematiker geteilten 
Ueberzeugung. In seinem neulich in Math. Ann. 78 abgedruckten Vortrag „Azxio- 
matisches Denken” stellt er jedoch auf $; 412 die Frage nach der Lösbarkeit 


950 


zureiehender Grund vorliege und die Logik auf der Mathematik 


beruhe und nieht umgekehrt, der logische Satz vom ausgeschlossenen . 


Dritten ein unerlaubtes mathematisches Beweismittel sei, dem kein 
andrer als ein scholastischer und heuristischer Wert zugesprochen 
werden könne, so dass Theoreme, bei deren Beweis seine Anwendung 
nicht umgangen werden kann, jeden mathematischen Inhalt entbehren. 

Von der in diesen beiden Thesen kondensierten intwitionistischen 
Auffassung der Mathematik habe ich übrigens in den in Anm.) 
zitierten Schriften bloss fragmentarische Konsequenzen gezogen, habe 
auch in meinen gleichzeitigen philosophiefreien mathematischen 
Arbeiten regelmässig die alten Methoden gebraucht, wobei ich aller- 
dings. bestrebt war, nur solcehe- Resultate herzuleiten, von denen ich 
hoffen konnte, dass sie nach Ausführung eines systematischen Auf- 
baues der intuitionistischen Mengenlehre, im neuen Lehrgebäude, 
eventuell in modifizierter Form, einen Platz finden und einen Wert 
behaupten würden. 

Mit einem solchen systematischen Aufbau der intuitionistischen 
Mengenlehre habe ich erst in der eingangs erwähnten Abhandlung 
einen Anfang gemacht. Hier möchte ich kurz hinweisen auf einige 
der am tiefsten einschneidenden, nicht nur formalen, sondern auch 


inhaltlichen Aenderungen, welche die klassische Mengenlehre dabei 
erfahren hat. 


Die zugrunde gelegte Mengendefinition ist folgende: 

Eine Menge ist ein Gesetz, auf Grund dessen, wenn immer wieder 
ein willkürlicher Zifternkomplex der Folge 1,2, 3,4,5,.... gewählt 
wird, jede dieser Wahlen entweder ein bestimmtes Zeichen oder nichts 
erzeugt oder aber die Hemmung des Prozesses und die definitive 
Vernichtung seines Resultates herbeiführt, wobei für jedes n > 1 nach 
jeder ungehemmten Folge von n—1l Wahlen wenigstens ein Ziffern- 
komplex angegeben werden kann, der, wenn er als n-ter Ziffernkomplex 


eines jeden mathematischen Problems als ein noch zu lösendes Problem. Seine 
an diese Problemstellung anschliessenden Bemerkungen über die Endlichkeit des 
vollen algebraischen Invariantensystems wären in meiner Terminologie so zu for- 
mulieren, dass aus der Unmöglichkeit der Unendlichkeit einer Menge keineswegs 
ihre Endlichkeit folgt. 

Meiner Ueberzeugung nach sind das Lösbarkeitsaxiom und der Satz vom ausge 
schlossenen Dritten beide falsch und ist der Glaube an diese Dogmen historisch 
dadurch verursacht worden, dass man zunächst aus der Mathematik der Teilmengen 
einer bestimmten endlichen Menge die klassische Logik abstrahiert, sodann dieser 
Logik eine von der Mathematik unabhängige Existenz a priori zugeschrieben und 


sie schliesslich auf Grund dieser vermeintlichen Apriorität unberechtigterweise auf 
die Mathematik der unendlichen Mengen angewandt hat. 


Zu 
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gewählt wird, nicht die Hemmung des Prozesses herbeiführt. Jede in 
dieser Weise von einer in unbegrenzter Fortsetzung begriffenen W. ahlfolge 
erzeugte Zeichenfolge (welche also im allgemeinen einen wesentlich 
unfertigen Charakter besitzt) heisst ein Element der Menge. Die ge- 
meinsame Entstehungsart der. Elemente der Menge M wird ebenfalls 
kurz als die Menge M bezeichnet. 

Auf diesen Mengenbegriff wird sodann die Definition des Begriffes 
der mathematischen Spezies, der den Mengenbegriff als Sonderfall 
enthält, gegründet. 

In der Theorie der Kardinalzahlen, welche nunmehr zunächst 
behandelt wird, tritt vor allem die Zerlegung des Gleichmächtigkeits- 
begriffes in den Vordergrund. Zwei für die klassische Mengenlehre 
gleichmächtige Mengen oder Spezies können für die intuitionistische 
Mengenlehre gleichmächtig, halbgleichmächtig, äquivalent, von gleichem 
Umfang, von gleicher Ausdehnung oder von gleichem Gewicht sein°). 
Im Anschluss daran gibt es unter den für die klassische Theorie 
abzählbaren Mengen oder Spezies für die intuitionistische Mengen- 
lehre abzählbar unendliche, abzählbare, zählbare, auszählbare, durch- 
zählbare und aufzählbare Mengen bzw. Spezies. Die klassischen 
Kardinalzahlen a und c bleiben bestehen, dagegen wird das in der 
klassischen Theorie durch die Menge aller Funktionen einer Varia- 
blen gelieferte Beispiel einer Kardinalzahl >c hinfällig. 

In der Theorie der geordneten Mengen wird für den geordneten 
Charakter einer Spezies die Existenz der ordnenden Relation nur für 
je zwei als verschieden erkannte Elemente gefordert. Weiter gestaltet 
sich u.a. die Charakterisierung der Ordinalzahlen 9% und £ viel ver- 
wickelter, als in der klassischen Theorie; erstere erhält folgende 
Form: 

Jede geordnete Spezies P, welche eine solche abzählbar unendliche, 
im engern Sinne überall dichte Teilspezies M enthält, dass zwischen 
je zwei Elementen®) von P Elemente von M liegen, dass die Spezies 
der vor einem willkürlichen Elemente p von P liegenden Elemente von 
M eine abtrennbare Teilspezies von M ist, von der entweder kein 
Element existieren oder wenigstens ein Element bestimmt werden kann, 
und dass zu jeder der Ordnungseigenschaft entsprechenden Funda- 
mentalreihe von Relationen ‚„nach” oder „nicht nach” zu den Elementen 


6) Erst diese Begriffszerlegung hat mir ermöglicht, den Mächtigkeitscharakter, 
den ich in früheren Schriften nur für gewisse spezielle Mengen zulassen konnte, 
auf alle Spezies auszudehnen und in dieser Weise gewissermassen die Existenzbe- 
rechtigung der komprehensiven Auffassung der Spezies wiederherzustellen. 

6) d. h. zwischen je zwei als verschieden erkannten Elementen. 
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von M') ein diese Relationen erfüllendes Element von P bestimmt 
werden kann, besitzt die Ordinalzahl ». 

In der Theorie der wohlgeordneien Mengen müssen allererst die 
beiden Haupteigenschaften, dass je zwei wohlgeordnete Mengen ver- 
gleichbar sind, und dass jede Teilmenge einer wohlgeordneten Menge 
ein erstes Element besitzt, welche die wichtigsten Beweismittel der 
klassischen Theorie bilden, preisgegeben werden, demzufolge hat 
die hier aufzubauende neue konstruktive Theorie mit ihrer Vorgän- 
gerin fast gar keine. Aehnlichkeit mehr, weder äusserlich noch 
innerlich. An die Stelle der letzteren Haupteigenschaft bringt sie 
folgendes Theorem : 

Ein Gesetz, welches in einer wohlgeordneten Spezies ein Element 
bestimmt und jedem schon bestimmten Elemente entweder die Hemmung 
des Prozesses oder ein ihm vorangehendes Element zuordnet, bestimmt 
sicher ein Element, dem es die Hemmung des Prozesses zuordnet. 


Der Theorie der ebenen Punktmengen wird die Menge Q derjeni- 
gen Quadrate zugrunde gelegt, von denen ein Eckpunt in bezug auf 
ein rechtwinkliges Koordinatensystem die Koordinaten @.27” und 
b.2-" und die (den Achsen parallelen) Seiten die Länge 2" oder 
2!” besitzen. Sodann wird unter einem J’unkte der Ebene eine un- 
begrenzt fortgesetzte Folge von Quadraten von Q, deren jedes im 
Innengebiete des nächstvorangehenden enthalten ist, verstanden. 

Auf dieser Grundlage kommen aus der klassischen Theorie der 
Punktmengen zahlreiche Theoreme in Fortfall. 

Vom Cantorschen Haupttheorem bleibt z.B. nur folgende negative 
Teilaussage in Kraft: 

Es kann keine abgeschlossene geordnete Punktmenge existieren, deren 
Mächtigkeit grösser als die abzählbar unendliche ist und von der jeder 
Punkt einerseits einen nächstfolgenden Punkt aufweist, andrerseits von 
abzählbarer Ordnung ist bzw. von der Spezies der auf ihn folgenden 
Punkte einen endlichen Abstand besitzt. 

Auch diese Teilaussage muss indes nach einer von der üblichen, 
auf dem Satz vom ausgeschlossenen Dritten beruhenden, völlig _ver- 
schiedenen Methode bewiesen werden, z.B. so: 

‚ Eine Punktmenge rn, deren Mächtigkeit grösser als die abzählbar 
unendliche ist, lässt sich nur so ordnen, dass eiidliche Mengen 
%,ty,... von endlichen Wahlfolgen, welche nicht Abschnitte von- 
einander sind, der Reihe nach geordnet werden, und zwar in solcher 


7) d. h. zu jeder der Ordnungseigenschaft ents 
Relationen „nach’” oder „nicht nach” zu den 
talreihe unterzogenen Elementen von M. 


ıtsprechenden unbegrenzten Folge von 
einer Abzählung durch eine Fundamen- 
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Weise, dass man für jedes k sicher ist, dass € (ir+1, !a+3, . . .) von 
jedem Reste jeder unbegrenzt fortgesetzten Wahlfolge einen Abschnitt 
enthält. Indem wir nun in& (!£-+1, Ü%+2, ...) nur diejenigen Wahlfolgen 
behalten, welche keine vorangehende Wahlfolge als Abschnitt-enhalten, 
bestimmen wir eine zählbare Menge von Wahlfolgen jz. Alsdann 
können wir an der Hand der fortschreitenden Konstruktion der j bei 
der Herstellung eines willkürlichen j, für jede dazu gehörige Wahlfolge 
nur für höchstens einen einzigen als Fortsetzung davon erzeugten 
Punkt (nämlich für denjenigen, der bestimmt wird, indem für u >» 
in jedem folgenden 5, immer wieder die am höchsten geordnete Fort- 
setzung der schon vorhandenen Wahlfolge zu wählen ist) sicherstellen, 
dass er in der resultierenden Ordnung von x einen nächstfolgenden 
Punkt aufweist. Die Kardinalzahl der Spezies der Punkte, für welche 
diese Sicherkeit zu erlangen ist, kann mithin unmöglich grösser als 
die abzählbar unendliche sein °). 

An die Stelle der positiven Aussage des Cantorschen Haupttheorems 
tritt in der intuitionistischen Mengenlehre eine ausführliche Charakte- 
risierung derjenigen Punktmengen und Punktspezies, welche die 
betreffende Eigenschaft besitzen °). 


8) Dieser Beweis findet sich schon in den beiden letzten der in Anm.) zitierten 
Schriften; die daselbst gebrauchte Terminologie stimmt aber noch nicht mit der 
in meiner Abhandlung eingeführten überein, während in meiner Besprechung des 
SCHOENFLIESschen Buches die betreffende Stelle überdies einige Schreibfehler ent- 
hält (S. 81 ist Z. 3 u. 19 statt „Teilmenge zweiter Art”, „nicht-abzählbare Teil- 
menge zweiter Art”, Z. 10 statt „von Gebieten e&,& ,..., „von einander enthal- 
tenden Gebieten xj, &az,.-..” und Z. 11 statt -,zu &, dn....”, „ZU day an...” 
zu lesen). 

9) In meinen in Anm.) zitierten Schriften (die letzte ausgenommen), in denen die 
Konsequenzen des Intuitionismus sich noch weniger deutlich für mich abgezeichnet 
hatten, haften der konstruktiven Mengendefinition noch zwei unnötige beschränkende 
Voraussetzungen an; in meiner jetzigen Terminologie sind nämlich die daselbst 
betrachteten Punktmengen erstens örtlich individualisiert, und lassen zweitens eine 
vollständige innere Abbrechung zu. Die Folge davon ist, dass z. B. in meiner 
Besprechung des ScuossrLiesschen Buches das Haupttheorem statt als falsch, als 
selbstverständlich angeführt wird, und dass die daselbst gemachte Unterscheidung 
zwischen wohlkonstruierten Punktmengen und Punktmengen im allgemeinen 
(die gleichzeitig gemachte Zusammensetzung der wohlkonstruierten Punktmengen aus 
solchen erster und solchen zweiter Art, von denen die ersteren einen besonderen Falj 
der letzteren darstellen, soll als unwesentlich zurückgenommen werden) sich erst nach 
Fortschaffung der genannten beschränkenden Voraussetzungen mit der jetzigen 
Unterscheidung zwischen Punktmengen und Punktspezies im wesentlichen deckt. 

7,um a. a. O. gegebenen Beispiel einer nicht-wohlkonstruierten Punktmenge ist 
zu bemerken, dass die daselbst zugrunde gelegte Funktion f (x) nicht das volle 
Kontinuum zum Existenzbereich hat (vgl. meine gleichzeitig vorzulegende Mitteilung 
über die Dezimalbruchentwickelung der reellen Zahlen), dass Z. 12 stalt „ralional”, 

62 
Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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Die inneren Grenzmengen der klassischen Theorie, d. h. die Durch- 
sehnitte von Fundamentalreihen von Bereichen, werden in der intui- 
tionistischen Mengenlehre, weil sie nicht notwendig Mengencharakter 
besitzen, als innere Grenzspezies eingeführt. Dabei bleibt das Theorem 
der klassischen Mengenlehre, dass der Durchschnitt zweier innerer 
Grenzspezies wiederum eine innere Grenzspezies ist, bestehen; der 
analoge Satz für die Vereinigung fällt aber fort, und von der Haupt- 
eigenschaft der inneren Grenzmengen der klassischen Theorie, dass 
zu einer willkürlichen Punktmenge Q eine innere Grenzspezies existiert, 
welche ausser (@ ausschliesslich Grenzpunkte der finalen Kohärenz 
von Q@ enthält, bleibt nur der folgende Bestandteil erhalten: 

Zu jeder vollständig abbrechbaren Punktmenge » existiert eine innere 
Grenzspezies, welche mit der Vereinigung von x und einer Teilspezies 
der Abschliessung der finalen Kohärenz von x örtlich kongruent ist 
und eine mit » örtlich kongruente Punktmenge als Teilspezies enthält. 

Die klassische Definition der Messbarkeit erleidet in der intuitio- 
nistischen Mengenlehre nur eine geringe Aenderung; die Sicherkeit 
der Messbarkeit verschwindet aber sowohl für die Bereiche wie für 
die abgeschlossenen Punktspezies und inneren Grenzspezies, und die 
Haupteigenschaft des klassischen Messbarkeitsbegriffes, dass die Ver- 
einigung einer abzählbaren Menge messbarer Mengen ohne gemein- 
same Punkte messbar und ihr Mass gleich der Summe der Masse 
ihrer Komponenten ist, wird in der intuitionistischen Mengenlehre 
folgendermassen formuliert: 

Wenn F eine solche Fundamentalreihe von messbaren Punktspezies 
ist, dass die Inhalte der Vereinigungen ihrer Anfangssegmente eine 
limitierte Folge i bilden, so ist auch die Vereinigung von F messbar 
und ihr Inhalt gleich i. 


Selbstverständlich erleidet der Begriff des Punktes der Ebene eine 
beträchtliche Verengerung, wenn in der betreffenden Definition statt 
“unbegrenzt fortgeseizte Folge”, “Fundamentalreihe” gelesen wird. 
Bemerkenswert ist aber, dass das lineare Analogon dieses engern 
Punktbegriffes seinerseits noch erheblich mehr umfasst, als der 
klassische lineare Punktbegriff, der auf dem Schnitte beruht, wie in 
meiner gleichzeitig vorzulegenden Mitteilung über die Dezimalbruch- 
entwickelung der reellen Zahlen näher erörtert wird. 


„durch einen endlichen Dualbruch darstellbar” zu lesen ist, und dass man in der 


Spezies der endlich definierbaren Punkte der Ebene ein viel einfacheres Beispiel 
einer nicht-wohlkonstruierten Punktmenge besitzt. 


rs 
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: Mathematics. — “ Besitzt jede reelle Zahl eine Dezimalbruch- 
entwickelung ?” ‘) By.-Prof. L. E. J. Brovwer. 


(Communicated at the meeting of December 18, 1920). 


a 
Existenzbereich der unendlichen Dezimalbruchentwickelung 
auf dem Kontinuum. 


Verstehen wir in der Menge der endlichen Dualbrüche >0 und <1 


r . & ei a 2 
unter einem Intervalle A, ein zwei Dualbrüche Du und Lean als 


Endelemente besitzendes geschlossenes Intervall, unter einem Punkte 
des Kontinuums eine in unbegrenzter Fortsetzung begriffene Folge 
von Intervallen A, deren jedes im Innern des nächstvorangehenden 
enthalten ist’), unter x einen variablen Punkt des Kontinuums, 
unter /,(x) einen n-stelligen Dezimalbruch mit der Eigenschaft, 
dass jeder links von ihm liegende Punkt des Kontinuums links von 
einem Intervalle von x liegt, während F,„(2) + 107” rechts von 
einem Intervalle von x liegt, unter F'(x) die eindeutige unendliche 
Dezimalbruchentwickelung von x, so besitzt F,(x) die (übrigens 
allen unstetigen Funktionen gemeinsame) Eigenschaft, dass ihr Exi- 
stenzbereich @„ nicht mit dem Kontinuum zusammenfallen ’) kann. 
Der Existenzbereich G=D(G,, @,,.:.) von F(x) kann also erst 
recht nicht mit dem Kontinuum zusammenfallen, obgleich er sich 
(ebenso wie der Existenzbereich der regelmässigen Kettenbruchent- 
wiekelung von 2) dem Kontinuum so eng anschmiegt, dass er mit 


1) Ueber den Inhalt dieser Abhandlung wurde am 22. September 1920 auf der 
Naturforscherversammlung in Bad Nauheim ein referierender Vortrag gehalten. 

2) Vgl. meine in Bd. XIl der Verhandelingen der Koninklijke Akademie van 
Wetenschappen te Amsterdam (Eerste Sectie) erschienene Abhandlung: „Begründung 
der Mengenlehre unabhängig vom logischen Satz vom ausgeschlossenen Dritten”, 
2. Teil, S. 3, 4. Wie daselbst 'S. 4 Fussnote !) hervorgehoben und durch die 
vorliegende Arbeit klar ins Licht gestellt wird, sind die beiden S. 9 des 1. Teiles 
benutzten Begriffe der „reellen Zahl” bedeutend enger als der hier definierte Begriff 
des Punktes des Kontinuums. In einem ganz andern, aus dem Zusammenhang 
ersichtlichen Sinne wird. der Ausdruck „reelle Zahl” der Expressivität wegen in 
der Ueberschrift und im Schlussparagraphen der vorliegenden Arbeit gebraucht. 

3) a. a. O., 2. Teil, S. 5. 
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demselben einerseits örtlich übereinstimmt '), andrerseits inhalts- 
gleich ’) ist’). 

Die Definition des Punktes des Kontinuums erleidet indessen eine 
erhebliche Einschränkung, wenn wir in derselben statt ‚in unbe- 
grenzter Fortsetzung begriffene Folge”, „Fundamentalreihe” *) lesen. 
Zweck der folgenden Paragraphen ist, klarzustellen, inwiefern für 
diese Punkte des Kontinuums im engern Sinne, die unendliche Dezi- 
malbruchentwickelung existiert. 


$ 2. 
Die Ergänzungselemente der abzählbar unendlichen, überall 
dicht geordneten Mengen. 


Es sei eine abzählbar unendliche, im engern Sinne überall dicht 
geordnete’) Menge /] gegeben. Es seien 9,,9,,9,.... die nach 
irgend einem, A als abzählbar unendliche Menge charakterisieren- 
den, Abzählungsgesetze y numerierten Elemente von A und es sei 
S(g,9u:-::9)= 5, gesetzt. Unter einem 1, bzw. j, verstehen wir 
ein (eventuell aus einem einzigen Elemente bestehendes) geschlosse- 
nes Intervall °) von 7, deren Endelemente zu s, gehören, deren 
Inneres aber höchstens ein bzw. kein einziges Element von s, enthält. 

Unter einem Ausfüllungselemente r von H verstehen wir erstens 
eine jedenfalls ein Element besitzende Spezies von in unbegrenzter 
Fortsetzung begriffenen Folgen r., Fatı, Fat, -... (@ eine für r 
bestimmte positive ganze Zahl), wo jedes r, ein ?, und jedes Fa4,+ı 
in F.r, enthalten ist, während r, für jedes v zu einer für r bestimmten 
Spezies 5, gehört, von der je zwei Elemente ein Element von & 
gemeinsam haben; zweitens eine jedenfalls ein Element besitzende 
Spezies von in unbegrenzter Fortsetzung begriffenen Folgen 8, &,, &, ,.. 
von je ein bestimmbares Element besitzenden abtrennbaren Teil- 


29.320, 2,/ Teil, S..6, 

3.2.0, MuTeil; 8: 29, 30, 

3) Natürlich kann auch der Existenzbereich einer mittels einer Funktion der 
unendlichen Dezimalbruchentwickelung von x erklärten Funktion von & nicht über 
G hinausgehen. Z. B. hat die im Jahresber. d. D. M.-V. 23, S. 80 von mir 
definierte Funktion f(x) genau G zum Existenzbereich. Während aber die Funktion 
F(x) des Textes in der auf dem Kontinuum überall dichten Punktmenge @ 
gleichmässig stetig ist und sich auf Grund. dieser Eigenschaft zu einer auf dem 
vollen Kontinuum existierenden Funktion o(x)=x erweitern lässt, ist für f(x) 
jede Erweiterung auf das volle Kontinuum ausgeschlossen. 

*) Vgl. „Begründung der Mengenlehre us0, 1. Teil IS: 

5) a, a. O., 1. Teil, S. 16. 

Ya. 2.0.1, Teil S.'13. 
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mengen ') von A, wenn in jeder Folge jedes S,+ı in &, enthalten 
ist und eine Fundamentalreihe N, N N... (M+ı 2 n,) von ganzen 
positiven Zahlen und ein Alenllanesclement erster Art r, von H 
bestimmt sind mit der Eigenschaft, dass zu jedem Elemente 8, £,,%,,. 
von r ein Element Fa Fat, Fat2, 0. VON 7, existiert, so dass Sn, zu 
Fa+, gehört. - 

Unter einem Er asliiehte nullier Ordnung oder kurz einem 
Ergänzungselemente r von H verstehen wir erstens eine Fundamen- 
talreihe 7, Far, Fot2,... (a eine für » bestimmte positive ganze 

Zahl), wo jedes r, ein i, und jedes Fa4+i IN Far, enthalten ist; 
zweitens eine jedenfalls ein Element besitzende Spezies von in unbe- 
grenzter Fortsetzung begriffenen Folgen 3, 5,, &,,. ... von je ein bestimm- 
bares Element besitzenden abtrennbaren Teilmengen von H, wenn 
in jeder Folge jedes &,+1 in Z, enthalten ist und eine Fundamental- 
reihe n,, %2,, N2,,...(9,+41ı > n,) von ganzen positiven Zahlen und ein 
Ergänzungselement erster Art r7.,Farı, Fat2,... von A bestimmt 
sind, so dass jedes &, von r zu F„+, gehört. *) 

Wenn ‚r und ‚r Ausfüllungselemente von F sind und jedes ‚ru. 
mit jedem ‚r, ein gemeinsames Element besitzt, so sagen wir, dass 
‚r und ‚r in H zusammenfallen. Ein mit einem Ergänzungselemente 
von H in H zusammenfallendes Ausfüllungselement von 7 wird 
gleichfalls als Ergänzungselement von H bezeichnet. 

Wenn das Element g von 7 zu jedem r, des Ausfüllungselemen- 
tes r von JH gehört, so sagen wir, dass r und g ın H zusammen- 
Fallen. 

Wenn ‚r und ‚r Ausfüllungselemente von 7 sind und man ein 
‚F„ und ein ‚r, ohne gemeinsame Elemente angeben kann, so sagen 
wir, dass ,r und ‚r in H örtlich verschieden sind. 

Wenn man ein r, des Ausfüllungselementes » von /] angeben 
kann, zu dem das Element g von A nicht gehört, so sagen wir, 
dass r und g in H örtlich verschieden sind. 

Das Ergänzungselement bzw. Ausfüllungselement r von A heisst ein 
Ergänzungselement erster Ordnung von H, wenn für jedes Element g von 
H entweder die Relation g > r (d. h. jedes rechts von g gelegene Element 
von H liegt rechts von einem bestimmbaren r, von r), oder die 
Relation g<r (d. h. jedes links von g gelegene Element von 7 liegt links 
von einem bestimmbaren r, von r) hergeleitet werden kann, oder, 
was auf dasselbe hinauskommt, wenn r mit einem Ergänzungsele- 
mente r’ von H, von dem jedes r', ein 5, ist, zusammenfällt. 
nmo. Teil, S. 4. 

2) Ob der Begriff des Ausfüllungselementes sich auf den des Er gänzungselementes 
zurückführen lässt, bleibe hier dahingestellt. 
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Die Ergänzungselemente erster Ordnung von H entsprechen den 
Dedekindschen Schnitten von H. 

Das Ergänzungselement erster Ordnung r von H heisst ein 
Ergänzungselement zweiter Ordnung von H, wenn für jedes Element 
g von H die Relation g<r entweder hergeleitet, oder ad 
geführt werden kann, oder, was auf dasselbe hinauskommt, wenn r 
sich so wählen lässt, dass kein gu mit der Eigenschaft, dass die 
rechten Endelemente von r', und r'„ für jedes » > u identisch sind, 
existieren kann. 

Das Ergänzungselement zweiter Ordnung r von H heisst ein 
Ergänzungselement dritter Ordnung von HA, wenn für jedes Element 
g von A entweder die Relation g >r (d.h. man kann ein links 
von g gelegenes -, von r bestimmen), oder die Relation g<r 
hergeleitet werden kann, oder, was auf dasselbe binauskommt, wenn 
r’ sich so wählen lässt, dass zu jedem 7’, ein solches r’, bestimmt 
werden kann, dessen rechtes Endelement links vom rechten End- 
elemente von r’,„ gelegen ist. 

Ein Ergänzungselement dritter Ordnung von ZH heisst ein Zrgänzungs- 
element vierter Ordnung von H, wenn für jedes Element g von H 
entweder die Relation g>r, oder die Relation g=r (d. h. g und 
r fallen in 7 zusammen), oder schliesslich 9g<r (d. h. man kann 
ein rechts von g gelegenes r, von r bestimmen) hergeleitet werden 
kann, oder, was auf dasselbe hinauskommt, wenn r’ sich so wählen 
lässt, dass zu jedem r’,„ ein solches » >y bestimmt werden kann, 
dass die beiden Endelemente von r’, von den beiden Endelementen 
von Fr’, verschieden sind. 

Die vorstehenden Definitionen der Ausfüllungselemente sowie der 
Ergänzungselemente nullter, erster, zweiter, dritter und vierter Ord- 
nung von A sind für gegebene ordnende Relationen in H offenbar 
unabhängig vom Abzählungsgesetze y. 


Sei M eine endliche Menge oder eine Fundamentalreihe von 
Ergänzungselementen vierter Ordnung von ZH,, deren je zwei in H, 
örtlich verschieden sind und deren jedes von jedem Elemente von A, in 
H, örtlich verschieden ist. Die Vereinigung von M und ZH, bildet eine 
abzählbar unendliche, im engern Sinne überall dicht geordnete Menge 
H»-+ı. Jedes Ergänzungselement von A, ist gleichzeitig Ergänzungs- 
element von H,+ı und jedes Ergänzungselement A-ter Ordnung von 
H,+ı fällt in 7,41 zusammen mit einem Ergänzungselemente. A-ter 
Ordnung von AH.. 

Die vorstehende Beziehung besteht sowohl zwischen der geordneten 
Menge der endlichen Dualbrüche HA, und der geordneten Menge der 


u ee 


959 


endlichen Dezimalbrüche A,, wie zwischen ZH, und der geordneten 
Menge der rationalen Zahlen 4,. 


$ 3. 
Ergänzungselemente, Dezimalbruchentwickelungen und 
_ Kettenbruchentwickelungen. 


Ein Ergänzungselement erster Ordnung von A lässt in H die 
Ortsbestimmung erster Ordnung zu, welche sich, wenn H als die 
Menge der endlichen Dezimalbrüche gelesen wird, als die mehrdeutige 
unendliche Dezimalbruchentwickelung herausstellt. Umgekehrt ist jedes 
Ausfüllungselement von A, das in H die Ortsbestimmung erster 
Ordnung zulässt, ein Ergänzungselement erster Ordnung von AH. 

Die Ortsbestimmung erster Ordnung in A kann für in Z zusammen- 
fallende Ergänzungselemente von A verschieden ausfallen. 

Ein Ergänzungselement zweiter Ordnung von A lässt in H die 
Ortsbestimmung zweiter Ordnung zu, welche sich, wenn H als die 
Menge der endlichen Dezimalbrüche gelesen wird, als die eindeutige 
unendliche Dezimalbruchentwickelung (für welche die Existenz einer 
letzten von 9 verschiedenen Ziffer ausgeschlossen ist) herausstellt. 
Umgekehrt ist jedes Ausfüllungselement von A, das in A die 
Ortsbestimmung zweiter Ordnung zulässt, ein Ergänzungselement 
zweiter Ordnung von A. 

7ıwei Ergänzungselemente von A, für welche die Ortsbestimmung 
zweiter Ordnung in A verschieden ausfällt, können in /7 nicht 
zusammenfallen. 

Ein Ergänzungselement dritter Ordnung von H lässt in A die 
Ortsbestimmung dritter Ordnung zu, welche sich, wenn A als die 
Menge der rationalen Zahlen gelesen wird, als die unendliche reduziert- 
regehnässige Kettenbruchentwickelunyg herausstellt. Umgekehrt ist jedes 
Ausfüllungselement von A, das in A die Ortsbestimmung dritter 
Ordnung zulässt, ein Ergänzungselement dritter Ordnung von A. 

Zwei Ergänzungselemente von H, für welche die Ortsbestimmung 
dritter Ordnung in A verschieden ausfällt, sind in 7 örtlich verschieden. 

Ein Ergänzungselement vierter Ordnung von H lässt in H die 
Ortsbestimmung vierter Ordnung zu, welche sich, wenn H als die 
Menge der rationalen Zahlen gelesen wird, als die eindeutige regel- 
mässige Kettenbruchentwickelung (welche eventuell endlich ausfallen 
kann) herausstellt. Umgekehrt ist jedes Ausfüllungselement von Z, 
das in H die Ortsbestimmung vierter Ordnung zulässt, ein Ergän- 
zungselement vierter Ordnung von H. 

Zwei Ergänzungselemente von A, für welche die Ortsbestimmung 
vierter Ordnung in 77 verschieden ausfällt, sind in 7 örtlich verschieden. 
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$ 4. / 
Existenz der Dezimalbruchentwickelung reeller 
algebraischer Zahlen. 


Seien r, und r, beliebige reelle algebraische Zahlen, d. h. je 
einer algebraischen Gleichung mit ganzen rationalen Koeffizienten 
genügende Ausfüllungselemente der von den rationalen Zahlen 
gebildeten geordneten Menge H,. Alsdann kann man eine algebra- 
ische Gleichung Fa) =," +aan!+.... +m12+m= 0 
mit ganzen rationalen Koeffizienten und nicht versch windender 
Diskriminante D bestimmen, der sowohl », wie r, genügt. Seien 
Wr Wy...:%n die (mit jedem beliebigen Grade der Genauigkeit 
approximierbaren) Wurzeln von F(a)=0, so können w, und w, 
für r#s nicht in H, zusammenfallen. Sei g eine rationale Zahl, 
welche die Moduln aller Wurzeln von F (x) = 0 übersteigt, und b =2e, 
so ist 

lu -w|<b (#3). 
Weil aber 


80 ist andrerseits 
[7 


D 


| Win ws ke > a,n—2 Dra—n—2 ’ 


so dass wir mittels hinreichend genauer Approximierung von r, 
und r, entweder Sicherheit erlangen, dass r, und r, mit derselben 
Wurzel w, zusammenfallen, oder ein r, und r, trennendes rationales 
Intervall bestimmen können. Indem wir dieses Resultat zunächst 
spezialisieren für den Fall, dass r, eine rationale Zahl ist, ersehen 
wir mühelos, dass r, in A, entweder mit einem Elemente von H: 
zusammenfällt oder von jedem Elemente von H, örtlich verschieden 
ist, so dass r, sich als Ergänzungselement vierter Ordnung von H. 
erweist, mithin sowohl in einen eindeutigen unendlichen Deyrlaltili 
e % einen eindeutigen regelmässigen Kettenbruch entwickelt werden kann. 

‚Setzen wir nun weiter v ‘, mit ei 
Elemente von H, RN ger a al Ber 
» entweder ın A, zu- 

sammen, oder sind in H, örtlich verschieden. 
ae a En Er reellen algebraischen 
} engern Sinne überall dicht 
geordnete Menge H, bildet, welche zu H, die am Schluss von $2 
erklärte Beziehung eines H,}, zu einem entsprechenden 77, besitzt. 
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$ 5. 
Existenz der Dezimalbruchentwickelung von a. 


Seien a und 5 ganze positive Zahlen und a<b. Wir verstehen 
unter X, den unbedingt konvergenten ') unendlichen Kettenbruch 


e F x a? % 
b’ +1) |, 


und unter Ä„ den unbedingt konvergenten unendlichen Kettenbruch 


| a? a? Ra 
(m + 1)5 (+ 1)dblmrı 
Alsdann gelten die Beziehungen 

a a 


t ee 
an, ar 
a’ 
m — >1 
| ea 
Seien 2,,2,,2%,... reelle Variablen, welche durch die Beziehungen 
i a 
ee 
, SIERT ER ART 5.4) 
a 
Bw (m > 1) 


(2m + 1)5 — am+1 
verbunden sind, und x’„ eine rationale Zahl zwischen O und 1, also 
<4b. Mittels (}) leiten wir aus w’„ weitere rationale Zahlen 


/ =, S 
Beine, und> 2, 2ata,.... Der. | Von diesen 
iallene we, 2a 3 .-.:..%,, 2, alle positiv aus, während #°.1, 
Bene, alle 4b und 2’,< Fr wird. Weiter kann man ein 


kleinstes r>a bestimmen mit der Eigenschaft, dass »,’ <O oder 2 1 
wird ?). 

Sei « eine (für das weitere hinreichend klein gewählte) positive 
rationale Zahl und n. ein solches geschlossenes rationales Wert- 
intervall von x,, dass sowohl ., wie die auf Grund von (f) ent- 
sprechenden Wertintervalle »a+1, Na+3, - - - Nr VON Zat1, Lat + Fr 
rechts vom Werte O0 und links vom Werte 1 liegen, während, wenn 
wir noch die auf Grund von (f) entsprechenden Wertintervalle von 
Bear... Mit on Na :-.9, bezeichnen, jedes Ä, für 
0<»<r in m enthalten ist und eine Entfernung > 2« von. den 
Endwerten von n, besitzt. Alsdann können wir eine solche ganze 
nichtnegative Zahl s< r bestimmen, dass X, &...Ms—ı der Reihe 
nach in 9. N. 97s—ı enthalten sind, während «', eine Entfernung 
>a von Ä, besitzt. 


1) Vgl. Prineskem, Münchener Berichte 28 (1898), S. 299 fgg. 
2) a. a. O., S. 318. 
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Sei £' eine solche positive rationale Zahl, dass für jedes zu n, ge- 
hörige x, die Ungleichung 


de, ’ 
| ar 
gilt, so besitzt x’, eine Entfernung > aß von K. . 

Sei x," eine solche rationale Zahl, dass die auf Grund von m 
entsprechende Zahl x." <0 oder 21 ausfällt. Alsdann können Da 
eine solche ganze nichtnegative Zahl t< a bestimmen, .dass Er 
der Reihe nach in n,...n:-ı ‚enthalten sind, während x." eine 
Entfernung > « von K, besitzt. 

Sei ß" eine solche positive rationale Zahl, dass für jedes zu n, 
gehörige x, die Ungleichung 

de, 2 
Fr 
gilt, so besitzt ©," eine Entfernung > aß" von Ä,. 

Zu einer beliebigen positiven rationalen Zahl 2, <“1 und einer 
beliebigen positiven rationalen Zahl ? kann man mithin eine solche 
positive rationale Zahl :, <“1 bestimmen, dass 

li—tgi, | >i.- 

. Insbesondere kann man zu einer beliebigen positiven rationalen 
Zahl :,<“1 eine solche positive rationale Zahl i, <1 bestimmen, dass 
| 41 >5 
mithin auch‘ (weil im zwischen den Werten O0 und 2 enthaltenen 

Wertegebiet von y die Ungleichung 


darctg y & 1 
en 
besteht) 
E14 i 
>> 


so dass die Zahl x sich als Ergänzungselement vierter Ordnung von 
H, erweist‘), mithin sich sowohl in einen eindeutigen unendlichen 


Dezimalbruch wie in einen eindeutigen regelmässigen Kettenbruch 
entwickeln lässt. 


Die Entwickelungen dieses und des vorangehenden Paragraphen 
bieten Beispiele der Charakterisierung von Ergänzungselementen 
bzw. Ausfüllungselementen » von A als Ergänzungselemente vierter 


') Die gleiche Eigenschaft der Zahl e ist eine unmittel 


bare Folge der regelmäs- 
sigen Kettenbruchentwickelung - 


, 
| 
| 
\ 
| 
| 
| 
} 
| 
| 
| 
| 
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Ordnung von‘ A mittels positiver Rationalitätsbeweise in H (die ein 
Element von A bestimmen, mit dem r zusammenfällt) oder posi- 
tiver Irrationalitätsbeweise in H (die r als von jedem Elemente von . 
H örtlich verschieden erkennen lassen). Hierzu ist zu bemerken, 
dass sich aus einem negativen Rationalitäts- bzw. Irrationalitätsbeweise 
in HA (der die Annahme, dass r von jedem Elemente von H örtlich 
verschieden wäre bzw. mit einem Elemente von 4 zusammenfiele, 
ad absurdum führt) nicht einmal folgern lässt, dass r Ergänzungs- 
element erster Ordnung von H ist. Eben deshalb haben wir in 
diesem $ den LAmBErTschen negativen Irrationalitätsbeweis von x | 
einer passenden Umarbeitung unterzogen und in die obige positive 
Form gebracht. Die weiteren klassischen Beweise desselben Satzes 
lassen sich übrigens in analoger Weise ergänzen. 


$ 6. 
keelle Zahlen, welche keine Dezimalbruchentwickelung besitzen. 


Sei c„ die n-te Ziffer der unendlichen Dezimalbruchentwickelung 
von x. Wir werden sagen, dass n sich im ersten Falle befindet, 
WENN Ca» En+iy +: Cn+a Alle gleich sind, im zweiten Falle, wenn 
Ca En+is ++». Cn+9 alle verschieden sind, und im dritten Falle, wenn 
weder der erste, noch der zweite Fall vorliegt. 

Wir definieren ein Ergänzungselement r der geordneten Menge 
der endlichen Dezimalbrüche 7, mittels der unendlichen Reihe 


De 


nn 
wo. —hD, wenn n sich im ersten Falle befindet, a, = 10, wenn 
n sich im zweiten Falle befindet, sonst a„ —=9. 

Dieses Ergänzungselement würde erst dann ein Ergänzungselement 
erster Ordnung von H, darstellen, m. a. W. eine unendliche Dezimal- 
bruchentwickelung zulassen, wenn man eine Methode besässe, für 
jedes beliebige im dritten Falle befindliche n, entweder die Existenz 
eines im zweiten Falle befindlichen m >n mit der Eigenschaft, dass 
jede zwischen n und m liegende ganze Zahl sich im dritten Falle 
befände, ad absurdum zu führen, oder die Existenz eines im ersten 
Falle befindlichen m > n mit der Eigenschaft, dass jede zwischen n 
und m liegende ganze Zahl sich im dritten Falle befände, ad absurdum 
zu führen. 

Wir definieren weiter ein Ergänzungselement erster Ordnung r 
von H, mittels der unendlichen Reihe 

) 
a. 10978 


n=l 
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wo jedes a, entweder gleich 0 oder gleich 9 ist, während a, a, 


und a,+ı dann und nur dann von a, verschieden ist, wenn n sich 


im zweiten Falle befindet. 

Dieses Ergänzungselement erster Ordnung würde erst dann ein 
Ergänzungselement zweiter Ordnung von H, darstellen, m. a. W. 
die im $ 3 definierte eindeutige unendliche Dezimalbruchentwickelung 
zulassen, wenn man eine Methode besässe, für jedes ganze positive 
n mit der Eigenschaft, dass entweder keine oder eine gerade Anzahl 
von ganzen positiven Zahlen <n sich im zweiten Falle befindet, 
entweder die Existenz oder die Abwesenheit eines im zweiten. Falie 
befindlichen m >» ad absurdum zu führen. 

Ein Ergänzungselement dritter Ordnung von A, würde dasselbe 
Ergänzungselement erst dann darstellen, wenn man eine Methode 
besässe, für jedes ganze positive n mit der Eigenschaft, dass entweder 
keine oder eine gerade Anzahl von ganzen positiven Zahlen <n 
sich im zweiten Falle befindet, entweder die Existenz eines im zweiten 
Falle befindlichen m >n ad absurdum zu führen, oder ein im 
zweiten Falle befindliches m > n anzugeben. 

Wir definieren schliesslich ein Ergänzungselement dritter Ordnung 


r von H, mittels der unendlichen Reihe 
© 


PTR Nie 


n=1 

wo m=9, wenn n sich im zweiten Falle befindet, sonst a, —=0. 

Dieses Ergänzungselement dritter Ordnung würde erst dann ein 
Ergänzungselement vierter Ordnung von H, darstellen, wenn man 
eine Methode besässe, für jedes ganze positive n, entweder die Existenz 
eines im zweiten Falle befindlichen m >n ad absurdum zu führen, 
oder ein im zweiten Falle befindliches m > n anzugeben. 

Sämtliche Beispiele dieses $ fallen übrigens in 7, zusammen mit 


Ergänzungselementen vierter Ordnung der geordneten Menge der 
endlichen Dualbrüche .. 


Für Beispiele reeller Zahlen ohne Dezimalbruchentwickelung be- 
steht bei der Weiterentwickelung der Mathematik stets die Möglich- 
keit, dass sie einmal hinfällig werden; dann aber können sie immer 
durch solche, welche ihre Gültigkeit behalten haben, ersetzt werden. 


ERRATUM. 


| Proceedings, Vol. XX (2), p. 1156, I. 13 from the bottom: read 
in the formula: „— 0.00003219 7°” for „— 0.00005102 7”, 


